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Mantle	  Plumes	  

²  High	  temp	  material	  within	  the	  
mantle	  

²  Fixed	  posiAon	  with	  respect	  to	  
plate	  moAon	  

²  Reheats	  and	  thins	  lithosphere	  
²  Surface	  Expression:	  

²  Volcanism	  
²  Large	  igneous	  provinces	  
²  Lithospheric	  swell	  



Governing	  PDE:	  
	  

  
v ⋅∇T (x, y, z) −κ∇2T (x, y, z) = Q(x, y, z)

cpρm

 advective heat transport - diffusive transport = heat production



  
Q(x, y, z) = Aδ (z − z0 ) exp −

x2 + y2
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Suppose	  Gaussian	  heat	  source:	  



With	  our	  usual	  Fourier	  Transform	  procedure:	  

   
−2π i(k ⋅ v)T (k) − (−2π i)2 (k ⋅k)κT (k) = Q(k)

ρmcp

   
4π 2 (k ⋅k) − i(k ⋅ v)
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(
)T (k) = Q(k)

ρmcpκ



SeparaAng	  into	  horizontal,	  verAcal	  
components:	  

  
k h = kx + ky

  Qh = Ae
−

x2+ y2
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  Qz = δ (z − z0 )

   F [Qz ](kz ) = F [δ (z − z0 )](kz ) = e−2πikz z0

Let:	  

Then:	  



This	  means:	  
	  
	  
Fancy	  Ame!	  
	  
	  

   
4π 2 kz

2 + (k h ⋅k h ) −
i(k h ⋅ v)
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(
)T (k h , kz ) =

Qv (kz )Qh (k h )
ρmcpκ

=
e−2πikz z0 Qh (k h )

ρmcpκ

   
p2 = (k h ⋅k h ) −

i(k h ⋅ v)
2π

   
p2 + kz

2( )T (k h , kz ) =
Qh (k h )

4π 2ρmcpκ
e−2πikz z0

Let:	  

(isn’t	  this	  obvious??)	  



So:	  

   
p2 + kz

2( )T (k h , kz ) =
Qh (k h )

4π 2ρmcpκ
e−2πikz z0

   
T (k h , kz ) =

Qh (k h )
4π 2ρmcpκ

e−2πikz z0

kz − ip( ) kz + ip( )



We	  get:	  
	  
	  
	  
Being	  Polish:	  
	  
	  
	  

   
T (k h , z) =

Qh (k h )
4π 2ρmcpκ

e−2πikz z0 e2πikz z

kz − ip( ) kz + ip( )−∞

∞

∫ dkz

   
T (k h , z) =

Qh (k h )
4π 2ρmcpκ

(2π i) e−2πikz z0 e2πikz z

kz + ip
%kz=ip



   
T (k h , z) =

Qh (k h )
4π 2ρmcpκ

(2π i) 1
2ip
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e−2πi( ip)z0 e2πi( ip)z

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e2π p( z0−z )

Using	  the	  Cauchy	  Residue	  Theorem:	  

And	  finally	  to	  simplify:	  



   
T (k h , z) =

Qh (k h )
4π 2ρmcpκ

(2π i) 1
2ip
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()
e−2πi( ip)z0 e2πi( ip)z

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e2π p( z0−z )

Using	  the	  Cauchy	  Residue	  Theorem:	  

And	  finally	  to	  simplify:	  

	  
	  
	  
	  
	  
	  
	  

wait…	  



x	  

y	  

z	  

z0	  

So	  z	  >	  z0	  for	  all	  z	  values	  in	  our	  
model:	  	  

  2π p(z0 − z) < 0

  e
2π p( z0−z )

will	  decay	  going	  up	  from	  z0	  
	  

Whew!	  
	  

Or	  we	  could	  make	  it	  easier	  
on	  ourselves…	  

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e−2π p z0−z

And	  



But	  will	  the	  fish	  be	  happy?	  

If	  we	  have:	  
	  

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e−2π p z0−z

   
⇒ T (k h ,0) =

Qh (k h )
4πρmcpκ p

e−2π p z0 ≠ 0

Uhh	  oh…	  
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Final	  answer	  

Let’s	  add	  an	  image	  (a	  heat	  sink)	  at	  z	  =	  -‐z0	  to	  
force	  T(x,y,0)	  to	  0	  

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e−2π p z0−z − e−2π p( z0+z )( )

Heat	  sink	  term	  
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But	  what	  about	  pictures?	  



But	  what	  about	  pictures?	  

Units,	  you	  ask?	  



• The	  model	  works	  best	  when	  
dimensionless	  

• Otherwise	  e-‐(huge	  number)?	  

• Geologically	  sensible	  values	  
sAll	  gave	  us	  trouble…	  
	  
	  

Figure	  on	  preceding	  slide	  is	  actually	  for	  
Green’s	  Func6on	  with	  (point)	  source	  at	  

(x,y,z)	  =	  	  (0,0,0)	  



ObservaAons	  



Gravity	  and	  Bathymetry	  

How	  does	  the	  model	  compare?	  



So	  to	  summarize:	  

   
T (k h , z) =

Qh (k h )
4πρmcpκ p

e−2π p z0−z − e−2π p( z0+z )( )

Inverse	  transform	  in	  x,y	  would	  give	  
T(x,y,z)	  with	  T(x,y,0)	  =	  0	  

• We	  didn’t	  get	  a	  sensible	  heat	  model	  (!)	  through	  
this	  procedure	  
• Perhaps	  be_er	  to	  use	  Green’s	  FuncAon	  to	  build	  
source	  
• AnalyAc	  approach	  using	  FT’s	  may	  not	  be	  as	  
pracAcal	  as	  a	  numerical	  model	  

Oh,	  and	  this	  is	  a	  preAy	  complex	  problem…	  
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