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Abstract

We present a method for interpolationspfarse twalimensional vector data. The method is
based on theGreenOsfunctions of an elasticbody subjected to iplane forces. This
approach ensures elastic coupling betwientwo components of thaterpolation Users
may adjust the coupling by varying PoissonOs ratio. Smoothing can be achieved by ignoring
the snallest eigenvalues in the matrix solution for the strengths of the unknown body forces.
We demonstrate the methagsing irregularly distributedsPS velocities from southern
California. Our technique has been implemented in both GMT and MATLAB".

Introduction

Interpolation of randomly located scalar data onto a uniform grid is commonly performed
using the finite-difference multigrid, minimum curvaturemethod [Briggs, 1974; Swain,
1976; Smith and Wessel, 1990] orthe direct biharmonic splinemethod[Sandwell, 1987,
Wessel and Bercovici, 1998] The multigrid minimum curvature approach is extremely
efficient and can handle large data sets of perhaps a billion data, poinssiffers from slow
numerical convergence The direct biharmonic spline approach more flexible and can
interpolate data with differing uncertainties but is limited to only a few thousand points
becausean N-data byN-data matrix inversion is requiredVioreover the inversionusually
requiressome numerical stabilizatici achieve a mooth result. The basic approach is to
apply vertical point loads to a thin elastic sheet at the locations of the data consfraats.
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strengths of these forces afreen adjusted through a least squares inversion such that the
deformed sheet matches tii@ta pointswvithin their uncertainties Then the deformatiqror
its derivalves can be calculated anywhere within the boundaries of the ddtaGreer©s

function for the response of a thin elassiceet to a point loacht (xy) Is simply

! (}I’) = rzﬁn(r) " 1% wherer = (X— Xy Y- yo) [Sandwell, 1987] Wessel and Bercovici [1998]

extended the method to includeptane tensiopwhich damps the undesirable overshoots of
the elastic sheet.In this case theGreerDsfunction is slightly more complicated.e.,

! (F)=K,(pr)+In(pr), where K, is thezero ordermodified Bessel function of the second

kind andp is related to th@rescribedension factor.

Here we investigate a simil@reaenOsunction approach for interpolatiosf 2-D vector
data This is not a new ideaHaines et al., [1993, 2015] proposed using a2 elastic model
to providecoupling between the two horizontal velocity componeoitssPSmodels The
basic approach is sifar to the biharmonic spline interpolation approach. @nposes
vector forceatthedata locations Thesdorces deform the elastic bodgsultng in a vector
deformationfield. The strengths of the force vectors are adjusted until velocities thatch
vector data Haines et al., [2015] used a finite element modeling approadtere element
nodesare placed at theatalocationsto compute th&reerDsunctionsand then uska least
squares approach to adjust the forces to matchdtse Herewe replace the finite element
computations with analytiGreer©Ddunctionsfor the inplane response of D elagic body
to in-planeforces. This greatly simplifies the computations and allows for the analytic
calculation of deformation gradients (j.@¢he strain tensor). Moreover, by adjusting
Poisso®s ratithe strairfield can be tuned to extremsgch asncompressible (1)) typical
elastic (05) or even avalue of-1 that basically removes the elastic coupling of vector
interpolation.

Green’s Functions
1 'Y "
We wish to calculate th2-D displacemenvector U(x,y) =u(x,y)P+v(x,y) P dueto a2-

D vector inplane body force Haines et al., [2015] developed the quastatic force balance
equations in 2D as
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where! is Poissos ratiouis the shear moduluand (. f,) is the force vectorThe units

are force perdistanceand forces are applied at a point using #aB delta function
I'(x)! (y). Thisproblem is most easily solved bgking the 2D Fourier transfornof (1).

Thetransformedequations become

+§ng+ky %8@9
kG fic

wherek, and k are wavenumbers (1/wavelengthip determine the response from a point
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force we need to invert this set of equations and take the irR«&rgeouriertransform of the
result. Thematrixinverseis
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wherek? =k? +k? . Note that in thespecial casef a PoissonOs ratio f the solution

simplifies to
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This corresponds to interpolation witle coupling between the two velocitpmponentsnd
the GreerOsfunction is simplyqb(?)zlnr. Here, the two components of GRS8locities

would be decoupled and interpolated separaf€he generalsoluion depends orhree
functions in equation:3

0 (]L): 2k’ ! (kl; ")kf’ » (l'{): 2k’ ! (14+ ")ky’ W (1!<)=! (1+k”4)kxky. 5)

r r

To obtain the space domain solution we wied to evaluate the-I2 inverse Fourier
transform of the followindour componentunctions

# & & # » & # &
] 1%1_ | 10/_0—2( IulO/Q ky ( |"10/Q kxky ( ) (6)

> G+ I P+ (@) (T g i)
The inverse transforsof thesefour functionsare straightforward angleld

1]y? 1| x? 1xy
—2—|nr:|, E[—z—mrl, —E— . (7)

-Inr, =
r r r

In the space domain the thréeeerDsunctionsgiven by (5) can be written as

2

o(f) = 4inr+(1+1 )g;- inr (=(3" e+ (aer)

2

p(}):(S" !)Inr+(1+!);(—2 (8)

w(r)="(+) 3.

We checked the GreenOs functions by showing they solve dgiveabdifferential equation
(1). This was accomplished using the computer algebra capabilities in MATLAB.



106 A description of he numerical approach follows. We wish to compute a smooth vector
107  velocity field that matches a finite set bf measured vectors(f,),v(F) , where . =(x,,y,)
108 are the locations of the vectors. i§s accomplished by solving for a setdfvector body

109 forces f/, fyj that are applied at the locations of the velocity measurements. To determine the

110 strengthof thebody forces we invert the followingN by 2N linear system of equations
111

I T L I B
#u(r) g # q(ri ri) W(r, ri) & f. &

112 # &;ﬁ . TN T 9)
V() g gw(i ) p(nr) &4 ¢

113

114  Finally, the vector velocity field can be computed at any location using

115

u(t)=3a(f 1) +w(i-1) ]
116 : (10)

v(;) i[w(}—}j)fxwp(}—}j)fyi]

=

117

118 We have implemented thapproachasa new modulepsgridder to the Generic Mapping
119 Tools (GMT) Wessel et al., 2013]. The 2N by 2N matrix in equation 9 can be solved in a
120 variety of ways. For the gpsgridder implementation we usehe singular value
121 decompositia algorithm implemented in LAPACK.The user can decide to keep all the
122  singular valuegsolved by LU decompositiorgr a subset which results in some smoothing
123 of the solution Starting atGMT release 5.3.0, the new module can be found in the
124  supplemental OpotentialO package.

125
126  Application to GPS data
127 The 2D velocity field derived from surface geodetic measurements is an important

128 quantity used to measure strain localization above locked faults as well as strain
129 accumulation in the interiors of crustal block&aults that have a shallowcking will

130 require spatial resolution of-2 km [Smith and Sandwell, 2003]. However, he typical

131 spacing 6 GPS points in California is9 km [Wei et al., 2010]so the straifrate field is not

132 completely resolvedy the GPS dataCurrently there are sevérapproaches to mapping

133 strain rate from vector GPS data. The most accurate approaches make assumptions about the
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locations, slip rates, and locking depths of the major f§fléarn et al., 201J. These are
typically based on block models. The rted®metimes have aniform strain in the block
interiors to absorb the residuadlocity not captured by the locked dislocatigMcCaffrey et

al., 2013. Another approach is to make no assumptions about the fault structure and simply
do a biharmonic interpgation of each velocity component independenackl et al.,
2009] However thisleads tosuboptimal results A distanceweighted, leassquares
approach, recently developed Byen et al., [2015], provides an improved straiate map
without using apriori information about fault locations and orientationEhe interpolation
approach developed iHaines et al., [1993, 2015] provide coupling between the two
horizontal velocity componenteesulting in a more accurate interpolation of the velocity and
strain field.

To illustrate the benefits of theoupledinterpolation in relation tohe biharmonic spline
approach w begin witha realistic model for the vector velocity field for a large region
surrounding the San Andreas Fault syst&my§ er al., 2013 2014. The velocitymodel is
based on 198GPS velocityvectorsas well as higher spatial resolution hoksight velocity
measuements from ALOSL radar interferometry. The sliates and locking depthalong
41 fault segments are adjusted to matithhe velocity data (Figure 1)This modelresults in
north and east grids of velocity at 1 km spaciAgprominent feature of the model &
creepng section of the San Andreaauft system where there is an abrupt change in velocity
across the faulfFigure 1bgreenbox). We sample the two components of velocity at 1768
unique locationgFigure 1D red dots)resulting in 3536 obseations. Wethen use the
biharmonic and couplechethod to interpolate over the areas of adequate data coverage and
compae the interpolated velocity and strain rate grids with the OknownO velocity and strain
rates. Thebiharmaic and couple@pproaches aienplemented in GMT agreenspline and
gpsgridder, respectively. Each program has a number of parameters that cadjlsed to
achieve an optimal fit. Thgreenspline approach achieves the best fit for zero tension factor
which corresponds to biharmonic spline interpolatiSanfiwell, 1984]. Thegpsgridder
approach has two main parameter adjustments. The firsmisimmum radius factor that
needs to be added to all radial differences in equations (9) and (10) to keBpe¢m®s
functions from becoming singular. t#&f some trial anerror, we fourd thata minimum
radius of 8 km providese best overall fit to thdata; thisalsoroughly corresponds tthe
mean spacing of the GPS points~& km [Wei er al., 2010]. The second parameter is the
value of PoissonOs ratised for the interpolation. ®tested a range fronl (fully
decouped) to 0.5 (elastic) to 1.0 @@mpressible)The resultsprovided in Table 1showthe
rms misfit of the interpolated velocity and strain rate grids with respect to the starting model.
We also performed the statistics for the interpolation over just the creeping section (bold in



170 Tablel). The rms misfits for this creeping area are larger than the rms misfits for the entire
171 area although the optimal minimum radius is also 8 km.
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172
173 Figure 1. Velocity vectors over a large area surrounding the San Andreas Fault system based

174 on an earthquéie cycle modelfong et al., 2013 2014. The total change in velocity across

175 the fault system is 45 mm/yr. The red dots show locations of the GPS velocity measurements
176 used to construct this model. We sample the matitiese locationand then use venus

177 interpolation methods to festimate the model. The green box sholnes sharp velocity

178 change across the creeping section. These results are highlighted in Figure 2.
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Table 1.
model PoissonOg minimum rms misfit
ratio radius u V e, 8, 8,
(km) mm/yr MMy 108y | 10%yr | 108r
biharmonic - - 0.229 0.279 3.89 1.99 4.16
(un)coupled -1.0 8 0.186 0.223 3.48 1.99 3.83
coupled .0 8 0.165 0.190 2.90 1.82 3.12
0 5 8 0.162 0.171 2.66 1.82 2.81
O 1.0 8 0.863 0.894 491 4.29 4.89
O 5 0 - - - - -
O 5 2 0.281/0.710 | 0.306/0.903 | 3.77 2.38 3.87
O 5 4 0.215/0.509 | 0.232/0.637 | 3.11 2.08 3.22
o 5 8 0.162/0.432 | 0.171/0.450 | 2.66 1.82 2.81
O 5 12 0.182/0.583 | 0.188/0.577 | 3.05 2.16 3.21

Optimalmodel parameters are highlighted in bluold are rms misfit for just the creeping
sectionshown in Figure 2

The results for three of the most interesting cases are shown in Figuere® wd have
zoomed in on the creeping section of the fault where the interpolation is most challenging.
Figure 2a shows velocity vectors frothe Tong et al., [2014] model The vectors are
parallel to the fault and have relatively uniform length alomgf#tult although thedirection
of the vectors revees abruptly at the faultThe first exampl€Figure 2b)corresponds to the
biharmonic interpolation method where the east and north components of the vector velocity
are interpolated independently. Thesidual velocity field showslarge spatl scale
variations in strengththat results from the overshoot of the biharmonic splifieis
scalloping results in a relatively large misfit for both the velocity streln rate components.

The second interpolan example (Figure 2c) corresponds to interpolation where the
Poisson€xatio is-1.0. Thisparameter selection resultsrin coupling between the east and
north components and the residuats similar to the biharmonic caa#hough somewhat
smaller The last exampléFigure 2d)is thecoupledinterpolatbn with a PoissonOs ratio of
0.5. The residuals are significantly smaller and show more of a random orientation reflecting
the coupling between the two velocity componerisis case also has a mustnaller misfit

in both velocity and strain rate than the two uncoupled cases.
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Figure 2. Velocity vectors across the creeping section of the San Andreas Fault. (a) Original
Tong et al., [2014] model has an rms variation of 10.6 mm/yr. (b) Residual moaletd on
biharmonic spline interpolation has an rms error of 0.94 mr@dyResidual model based on
the couplednterpolation with a PoissonOs ratio-bfno coupling between east and north

velocity) has an rms error of 0.57 mm/yr. (d) dvkial model bsed on the coupled
interpolatbn with a PoissonOs ratio & Bas an rms error of 0.4dm/yr.

One of themain applications of this method is to calculate a grid of strain rate from
randomly distributed vector velocity measurements. Our analysis prandesimate of the
type of errors to expect in the second invariant of the strain rate when it is undersampled
using the GPS station distribution provided in Figure 1. The original velocity model results
in the strain rates shown in Figure 3a where tlagecareas of very high strain rate above
faults that are creeping or have shallow lagkdepth (e.g. red areas > 50@nostrain/yx.
The model also hagery low strain rate in the interiors of the blocks (e.g. blue ared® < 1
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217 nanostrain/yr). The differeee between the original and recovered strain rate tensor converted
218 to second invariant are shown in Figure 3b. Errors are small (< 3 nanostrain/yr) in areas that
219 have adequate GPS sampling (white deis)l where the model strain rate is also small.
220 Errors are large (10©1000 naostrairlyr) in areas where the modstain rates large and

221 the GPS sampling is inadequat®o illustrate a couple of cases, the @uow points to a

222 region of high strain rate where there isoatlense GPS coveragd he stain rate error in

223 this area is quite low because of the goo&@Bverage. In contrast the blu@ow points to

224  aregion of high strain rate where therspsirse GPS coveragd he strain rate error in this
225 area is quite high because of the poor GP®mme. Indeed this interpolation tool could be
226 used along with a reasonable strain rate gt estimate the improvement in strain rate
227 accuracy for a prescribed GPS or INSAR data coverage.

228

229
230 Figure 3 (a) Second invariant of[® strain tensor/, :(!fx+!jy+2!fy)y2derived from the

231 Tong et al., [2014] velocity grid. (b) Second invariant of the difference betweemibdel
232 strain rate tensor and the strain rate tensor derived fromgpligeidder program with a
233 Poisson ratio of 0.5.

234
235  Discussion and Conclusions
236 While this method is not newour analytic approach provides some insight itite

237 behavior of the couplehterpolation for a wide range of PoissonOs ratio. As discussed in
238 Haines et al., [1993, 2015] this approach provides improved interpatadf sparse vector
239 data when the physics of the deforming material follows elasticity equafldrese areother

240 attributes of this approach that have not been fully discussed in the paper attreug

241 Dbe important for interpolation of noisy datdhe first is the inversion of the set of linear
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equations in (9) will be numerically unstable if the ratio of the largest to smallest spacing of
vector positions becomes too great. Tfmgridder program automatically eliminates
duplicate locations thatvould make the inversion exactly singularln addition, the
blockmedian program can be used to coimd nearby measurements. Téecond obvious
attribute not discussed aboige that uncertainties are easily added to this formulation by
dividing both side®f equation(9) by the standard deviatief the data. This extension is
implemented in thgpsgridder programvia theBC, BW optiors where therms misfit of the
model to the noisy da can be adjusted by reducitng number of eigenvalues to use for the
singular value decomposition of the inversionn the case above there were 3563
observations but tests where the numbergémralues was reduced to 24§iovided almost
identical uncertaintiedVe have found that an adequate fit to real GPS dataasmeld when

the number of eigenvalues is " the number of data poiifise user will need texperiment
with these paramtets find acceptable solutions fitting the data within the uncertainties.

One other important issue not discussed here is tratapproach can only interpolate
thousands and not millions of data because of finite computer memory, computer precision
and computer time A practical solution to dealing with very large data sets is to assemble
the data into finitesize rectangular gredhaving % overlap. Data within each full subgrid
are used to solve for the vector forces but the vector model velocity isamlyuted in the
interior of e&h subgrid [e.g.Sandwell, 1987. One finalissueis that avariety of data types
such as GP8ectors and D tensor strain measurementaild be combined in the inversion
This would regire an extension of (9) tmclude analytical derivatives @reenfunctions
which aremessy but not difficult.

We have implemented this method in both GMd 8ATLAB and provide example data
sets and programming paratars at the following ftp site
(ftp:/ltopex.ucsd.edu/pub/sandwell/strgipggridder_tests.tar
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