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ON THE APPLICABILITY OF A UNIVERSAL ELASTIC TRENCH PROFILE

J.G. CALDWELL, W.F. HAXBY, D.E. KARIG and D.L. TURCOTTE
Department of Geological Sciences, Cornell University, Ithaca, N.Y. (USA)

Received October 23, 1975
Revised version received March 31, 1976

Using thin elastic plate theory and neglecting horizontal applied forces, a universal deflection profile applicable to
many oceanic trenches is derived. This theoretical profile is compared with bathymetric profiles from the central
Aleutian, Kuril, Bonin, and Mariana trench—outer rise regions. The profiles were corrected for sediment thickness and
age variation of the lithosphere. Good agreement between theory and observation is found. The distance from the
first point of zero deflection seaward of the trench to the point of maximum height of the outer rise is directly related
to the flexural rigidity of the lithosphere. The thickness of the elastic lithosphere is found to vary between 20 and 29
km for the trench profiles considered. The good agreement obtained shows that horizontal forces may be neglected
and that the bending lithosphere behaves elastically in the cases considered. The analysis shows that only unreasonably
large horizontal forces would affect the universal deflection curve. It is concluded that although the near-surface litho-
sphere may be subject to brittle fracture, the deeper lithosphere is capable of transmitting elastic stresses as high as 9

kbar.

1. Introduction

One well-known feature of island arc—trench sys-
tems is the outer rise or topographic high which oc-
curs on the order of 100 km seaward of most trench
axes. The existence of an outer rise in association with
an oceanic trench has been explained in terms of the
flexure of an elastic lithosphere acted upon by horizon-
tal and vertical forces [1,2].

Several authors have used thin elastic plate theory
to describe the flexure of the lithosphere in the vicinity
of oceanic trenches. Gunn [3] used this theory to re-
late trenches, mountain belts, and volcanic chains.
Jeffreys [4] and Heiskanen and Vening Meinesz [5]
solved the problem of flexure of an elastic lithosphere
for various types of loading. Lliboutry [6] has dis-
cussed the mechanism for the underthrusting of the
lithosphere at trenches. Walcott [7] has used this type
of analysis to determine the flexural rigidity of the
lithosphere in different tectonic provinces.

Hanks {1] considered in detail the Kuril trench—
Hokkaido rise and concluded that a horizontal com-
pressive stress of several kilobars is required to explain
the observed topography. He discussed the role of an

applied bending moment but did not include it in his
analysis. Le Pichon et al. [8] have given a complete
analytic treatment of the problem, including the ap-
plied bending moment. Watts and Talwani [2] studied
the correlation between gravity anomalies and trench
topography. They concluded that they could produce
the topography near the southern Bonin and Mariana
trenches with zero horizontal force acting on the
Pacific plate, but that a horizontal compressive stress
of a few kilobars would be required to produce pro-
files matching those of the eastern Aleutian, Kuril,
northern Bonin, Ryukyu, and Philippine trenches.
Dubois et al. [9] considered the recent uplift of islands
on the outer rise in the New Caledonia—Loyalty Is-
lands area.

In this paper we shall use thin elastic plate theory
to produce deflection curves that will be compared in
detail to topographic profiles across the central
Aleutian, Kuril, northern Bonin, and Mariana trenches.
We shall show that these trench profiles can be described
by a universal deflection curve and that no horizontal
force is required [8,10]. It is also concluded that the
lithosphere behaves elastically to the trench axis.
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2. The mechanics of lithospheric deformation

In this section we examine the one-dimensional, lin-
ear deformation of a thin elastic plate subjected to a
hydrostatic restoring force. In the following section,
we will compare the theoretical deflection curves with
the actual bathymetric profiles of trench—outer rise
systems. The differential equation which describes the
one-dimensional bending of a thin plate is:

d*w  d*w

DTS S thw=0 (1)

where w is the vertical deflection of the plate from its
equilibrium depth, x is the horizontal coordinate, S is
the horizontal loading force (positive for compression),
and k is the hydrostatic restoring force per unit deflec-
tion, k = (p,,, — py, )g Where p, and p, are the densi-
ties of the underlying mantle and overlying water, re-
spectively, and g is the acceleration of gravity. The
flexural rigidity of the plate is given by:
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where E is Young’s modulus, % is the thickness of the
plate, and v is Poisson’s ratio.

In order to obtain a physically reasonable solution
to (1), the vertical deflection of the plate as x - oo
must approach zero. It is convenient to chose the ori-
gin, x = 0, as the point nearest the trench axis where
the deflection, w, is zero (Fig. 2).

The solution to (1) can now be written:

w=A sinBu + e)ﬂ exp[-z—(l —_ e)ﬂ 2)

where o* = 4D/k, e = S/2(kD)3, and A is a constant to
be determined. The constant « is termed the flexural
parameter and is a characteristic length for the bending
of the plate; € is a dimensionless parameter directly
proportional to the horizontal applied force S. If € is
greater than one, a solution does not exist; € = 1 cor-
responds to the first buckling mode of failure [11].
The outer rise of a trench system (Fig. 1) contains
the point of maximum positive deflection, whose mag-
nitude and coordinate are denoted by wy, and xy, re-
spectively (Fig. 2). The values of wy, and x,, may be ob-

tained from corrected bathymetric profiles. The follow-

ing equations give xy and wy, in terms of the constants

Fig. 1. A schematic cross-section of an island arc system show-
ing the relative position and amplitude of the outer rise. The
descending lithosphere is about 25 km thick, corresponding to
its effective elastic thickness. The three arrows converging at
the dotted line indicate that any arbitrary section through the
lithosphere is acted upon by a vertical shear force Q, a hori-
zontal force S, and a bending moment M.
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We now make the assumption that ¢ << 1 and expand
(3) and (4) retaining only those terms linear in € with
the result:

* =%[1 +(§— 1) e} ©)

wy, = 54%- e (1 +%e) (6)

In order to estimate the value of e we set S =0, A,
where o, is the mean horizontal stress across the
thickness 4 of the plate. Then:

S\

Fig. 2. A plot of a deflection curve defining the quantities wy,
and x,.



Typical values for the constants in this equation are
E=6.5X 10" dyne/cm?; vy =0.25; k= 2.4 X 10° dyne/
cm?; and & = 25 km. For an average stress of 10 kbar

€ is approximately 0.3. The error in determining « from

xp by setting e =0 in (5) is less than 5%; the corresponding

error in determining 4 from wy, by setting e = 0 is about
25%. It is concluded that even a large horizontal load will

not have a strong effect on the deformation of the plate,

and that S cannot be determined from bathymetric
profiles with any precision.

In the remainder of this paper we will consider the
limit e = 0. We will show that there is good agreement
between theory and observations in this limit. Setting
€=01n (5) yields:

_ma _m(4D\:
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The distance xy, is a direct measure of the flexural
rigidity and, therefore, of the thickness of the elastic
lithosphere.

Setting € = 0 in (2) gives:
w=Ae /% sin x/a )

We now introduce non-dimensional variables X = x/x,,
and w = w/wy,. From (6), (8), (9) we obtain:

W=2s sin(%’?) gxp[g(l - )?)J

This is a universal equation describing the deformation

of the oceanic lithosphere at a trench under the assump-

tions made above. Observations will be compared with
this universal trench profile in the next section.

This analysis also gives the bending moment and
shearing force at any point on the deformed plate. We
introduce the following non-dimensional bending mo-
ment M and shear force 0 ;

M = Mxp*/Dwy, 0= Qxba/ow

where M and Q are the dimensional bending moment
and shear force, respectively. Taking derivatives of (9),
the dependence of M and @ on the horizontal coordi-
nate X is given by:

(10)

Q=- 2—§213 [cos(%i)+ sin(%{)}exp[g(l — )?):l (1)
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Fig. 3. Graphs of the non-dimensional deflection of a thin
elastic plate and the associated non-dimensional bending mo-
ment and shear force.

The solutions for M and @ are plotted, along with the
solution for w, in Fig. 3.

3. Observations

We now compare the universal deflection curve using
various values of wy, and x}, with observed topographic
profiles across four trench—outer rise systems: the cen-
tral Aleutian, the Kuril, the Bonin, and the Mariana
(Fig. 4). The profiles extend from about the trench
axis to roughly 300 km seaward of the axis, include the
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Fig. 4. Map (after Karig and Sharman [16]) showing the locations of the corrected bathymetric profiles.

outer rise, and are projected perpendicular to the par-
ticular trench axis. In our analysis several profiles in a
region were considered to insure that representative
profiles were used. To compare the universal curve
with the observed topographic profiles, a base reference
line that corresponds to the undeflected ocean floor
must be determined. In order to determine this refer-
ence line, corrections must be applied to the observed
profiles. These corrections arise due to the variations
in thickness of the sediment cover on the sea bottom
and due to variations in age for different regions of the
oceanic lithosphere. '

Seismic reflection profiles are used to make the
necessary sediment correction. We assume that the
deepest reflector on seismic reflection profiles follows
the contours of the basement. We used the bathymetric

profiles as the data base, since they are more numerous
than seismic reflection profiles. Data from correspond-
ing or nearby seismic reflection profiles were used to
give the variations in sediment thickness along a given
profile. We removed the measured thickness of the se-
diment cover, taking into account the isostatic unload-
ing effect on the lithosphere. For this calculation we
used py, = 1.0, Ogpdiment = 1.6, o1y = 3.4. For the trench-
rise regions we considered, this correction was a sub-
stantial portion of the observed topographic amplitude
of the outer rise. For the central Aleutian, Kuril, and
Bonin outer rises the sediments are much thicker on
the rise than they are seaward, so that the correction
effectively lowers the maximum height of the rises by
130 m [17], 330 m [18], and 130 m respectively. In
contrast, the sediments are thicker seaward of the rise



associated with the Mariana trench, so the correction
effectively increases the rise amplitude by 210 m [19].

The other correction which is of importance is that
due to the age variation of the lithosphere and the cor-
responding increase in depth of the ocean floor with
increase in age [12]. For the three western Pacific
trenches which we matched, the age corrections were
ignored because the age of the lithosphere being sub-
ducted is greater than 110 m.y. [13]. However, the cor-
rection is significant for the profile across the central
Aleutian trench—rise with a maximum reduction of the
rise amplitude of some 110 m since the age of the ocean
floor at the trench is 62.5 m.y. (anomaly 27) and at
the seaward end of the profile is 70.5 m.y. (anomaly
32) [14].

Direct measurement of wy, and xy, was often difficult
because of local topographic irregularities. Therefore,
to obtain the first point of zero deflection on the cor-
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rected bathymetric profile, theoretical curves with dif-
ferent wy, and xy, values were fitted to the corrected
profile. The best fit determined the point of zero de-
flection and the best values for wy, and xy,.

Topographic irregularities such as seamounts and
vertical offsets made it difficult to fit some profiles.
Fig. 5 illustrates this problem by showing five profiles
across the Bonin trench; the northernmost profile (E)
is separated from the southernmost (A) by only 3.5°.
Since it had the least extraneous topography, profile
A was used to determine the best fit to the theoretical
curve. This best-fitting theoretical curve A is compared
with the other profiles in Fig. 6. Despite the presence
of seamounts and other topographic features, the pro-
files are in quite good agreement with the theoretical
curve.

The main results of this paper are summarized in
Fig. 6. The solid curve is the universal deflection curve
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Fig. 5. Five profiles located between 30°30'N and 34°N across the Bonin trench. The dashed line is the best-fitting theoretical
curve for profile A and is plotted for comparison with each of the other profiles. Sources of bathymetric data are Hunt 3
(profiles A and C), Aries 7 (profile B), Antipode 3 (profile D), and Japanyon 4 (profile E) cruises, and of seismic reflection data are
Antipode 3 and Aries 7 cruises (SIO and NAVOCEANO data published with permission).



244

R o ~
L S NI

Fig. 6. The solid line is the universal deflection curve and the broken lines are the corrected and normalized bathymetric profiles.

— — — is the Mariana profile (data from Scan 5 cruise and [19]), — - — - is the Bonin profile (Hunt 3 and Aries 7 cruises), - - - - -
is the Kuril profile (Zetes 2 cruise and [18]), and - - - - - is the central Aleutian profile (Seamap 13 cruise and [17]).
TABLE 1

Trench parameters

Trench name Mariana Bonin Aleutian Kuril
xp (km) 55 53 53 42
wy (km) 0.50 0.40 0.35 0.28
Flexural rigidity (dyne cm) 1.4 x 103° 1.2x 103 1.2 x 1030 0.5 x 103
Lithospheric thickness (km) 29 28 28 20
Trench axis distance from point of

zero deflection (km) 71 70 58 68
Maximum bending stress (kbar) 9.2 7.6 6.6 6.2
Point of maximum bending stress

(in km) seaward of trench axis 20 20 8 30
Shear force at trench axis (dyne/cm) 1.0 x 1015 9.8 X 1014 3.1 x 1014 1.4 x 1015
Bending moment at trench axis (dyne) 1.3 X 1022 9.5 x 102! 8.9 x 102! 2.8 X 102!
Shear force at point where bending moment

equals zero (dyne/cm) 8.0 x 1015 5.3 x 1015 4.6 X 1013 3.2 % 1015
Point of zero bending moment (in km)

landward of trench axis 50 40 50 20




from (10) which describes the flexure of all thin elastic
plates acted upon by a vertical force and a bending
moment. The broken curves are the various corrected
trench profiles that have been normalized by their re-
spective wy, and x;, values.

Table 1 gives the values of xy, and wy, for the best fits.

Also given are the corresponding values of the

flexural rigidity obtained from xy, using (8) taking

k =2.4 X 10° dyne/cm®. The equivalent thicknesses of
the elastic lithosphere are tabulated using the definition
of the flexural rigidity and taking E' = 6.5 X 10" dyne/
cm? and v = 0.25. The maximum bending stress (the
stress on the top edge of the plate at the point of
greatest curvature) for each trench is also given. The
largest bending stress we find is 9.2 kbar, and occurs

20 km seaward of the Mariana trench axis.

In general the fit of the profiles to the universal
curve is quite good; however, the Aleutian profile does
lie below the universal curve near the highest part of
the rise. This is not a spurious feature of this particular
profile since the same deviation occurs on two other
nearby profiles.

4. Discussion

The shape and amplitude of the observed profiles
from the trench axis through the outer rise region are
very similar to those produced by a thin elastic plate
when that plate is acted upon by a combination of a
vertical force and bending moment. The fact that the
fit between the observation and the theory is so close
strongly suggests that the lithosphere behaves domi-
nantly elastically even for stresses as high as 9 kbar. Since
the bending of the lithosphere is convex, the upper
part of the lithosphere is in tension. It is doubtful that
the near-surface rocks where the hydrostatic pressure
is low can sustain this high a tensional stress. There-
fore, near-surface block faulting can be expected. This
would explain the observed normal faulting in this re-
gion [15]. However, the good agreement between ob-
servations and elastic theory precludes fractures of the
entire lithosphere or plastic bending in the region of
maximum stress seaward of the trench axis.

We have not considered in this paper trenches where
very young lithosphere is being subducted, i.e., the
Middle America trench, or where marginal basin litho-
sphere is being subducted, i.e., the New Hebrides
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trench. In these cases preliminary studies indicate that
the height of the outer rise is less than the value pre-
dicted from the universal profile and therefore elastic
theory may not be applicable.

In achieving the good agreement between the actual
profiles and theoretical ones, the condition of zero
horizontal force was used in the calculations. If a hori-
zontal force had been incorporated in the analysis, no
discernable difference would have occurred unless the
magnitude of the stress had been greater than about
10 kbar. While this study has shown that no horizontal
force is required to produce deflections that match ob-
served profiles, horizontal forces may be acting on the
descending plate, but pieces of data other than bathy-
metric data are needed, such data as focal mechanisms
of hypocenters seaward of the trench axis which Hanks
[1] utilized.

The difference found between the x,, values of the
Kuril trench and the other trenches is large enough to
suggest that there may be a significant difference in
their flexural rigidities. However, there is no obvious
explanation for the difference. The age of the litho-
sphere is roughly the same for the Mariana, Bonin, and
Kuril areas, and if a difference in age should show up
as a difference in flexural rigidity, the central Aleutian
trench should have the lowest flexural rigidity. It is pos-
sible that horizontal forces alter the effective elastic
thickness, hence the flexural rigidity, of the lithosphere
The effective thickness is the region where elastic be-
havior occurs. In bending a plate, the upper part is
placed in tension, the lower part in compression. The
lower part will become plastic when the compressive
stress reaches some limit. A compressive horizontal
force will reduce the amount of bending necessary to
attain this limit. A similar argument could be made
regarding tensional stresses. It is possible that a large
horizontal force could explain why the elastic part of
the plate in the Kuril region is so thin.
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