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Introduction

Geodynamics by Turcotte and Schubert (2014) provides a deterministic, physics-based
exposition of solid-Earth processes at a mathematical level assessible to most students.
This classic textbook begins with a clear and concise overview of plate tectonics, fol-
lowed by stress and strain in solids, elasticity and flexure, heat transfer, gravity, fluid
mechanics, rock rheology, faulting, flows in porous media, and chemical geodynamics;
the latest edition has sections on numerical modeling. I have used this textbook in a
graduate level class for the past 28 years to prepare students in quantitative modeling
of Earth processes. The book uses a minimum of mathematical complexity, so it can
be understood by a wide range of students in a variety of fields. However, this more
limited mathematical approach does not provide the graduate student with the tools
to develop more advanced models having 3-dimensional geometries and time depen-
dence.

This new book, Advanced Geodynamics, was developed to augment Geodynamics with
more complex and foundational mathematical methods and approaches. The main new
tool is multi-dimensional Fourier analysis for solving linear partial differential equa-
tions. Each chapter has a set of homework problems that make use of the higher-level
mathematical and numerical methods. These are intended to augment the already ex-
cellent homework problems provided in Geodynamics. Detailed solutions are available
from the author on request.

Chapter 1 - Observations Related to Plate Tectonics
This chapter reviews the global observations that were used to develop and refine the
theory of plate tectonics. These include the latest maps of topography, marine gravity,
seismicity, seafloor age, crustal thickness, and lithospheric thickness. This chapter also
provides the global grids as overlays to Google Earth for exploration and interaction
by students. In addition, all the data and tools needed to prepare the global maps using
Generic Mapping Tools (GMT) is provided at the Cambridge web site.

Chapter 2 - Fourier Transform Methods in Geophysics
This chapter provides a brief overview of Fourier transforms and their properties in-
cluding: similarity, shift, derivative, and convolution as well as the Cauchy residue
theorem for calculating inverse transforms. These tools are used throughout the book
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to solve multi-dimensional linear partial differential equations (PDE). Some examples
include: Poisson’s equation for problems in gravity and magnetics; the biharmonic
equation for problems in linear viscoelasticity, flexure, and postglacial rebound; and
the diffusion equation for problems in heat conduction. There are two approaches to
solving this class of problem. In some cases, one can derive a fully analytic solution,
or Green’s function, to the point-source problem. Then a more general model is con-
structed by convolution using the actual distribution of sources. We focus on the second
semi-analytic approach since it can be used to solve more complicated problems where
the development of a fully analytic Green’s function is impossible. This involves us-
ing the derivative property of the Fourier transform to reduce the PDE and boundary
conditions to algebraic equations that can be solved in the transform domain. A more
general model can then be constructed by taking the Fourier transform of the source,
multiplying by the transform domain solution, and performing the inverse transform
numerically. When dealing with spatially complex models, the second approach can
be orders of magnitude more computationally efficient, because of the efficiency of the
fast Fourier transform algorithm.

Chapter 3 Plate Kinematics
This chapter is focused on the basics of plate kinematics and relative plate motions.
Students are encouraged to learn the names of the major plates, the plate boundaries,
and triple junctions. We then review the rules governing the relative motions across
the three types of plate boundaries, spreading ridges, transform faults, and subduction
zones and use these rules for triple junction closure of the relative velocity vectors.
The remainder of the chapter is concerned with plate motions on a sphere using vector
calculus. The exercises involve calculations of plate motions and plate circuit closure
using published rotation poles.

Chapter 4 Marine Magnetic Anomalies
This chapter uses the Fourier transform tools developed in chapter 2 to compute the
scalar magnetic field that is recorded by a magnetometer towed behind a ship, given a
magnetic timescale, a spreading rate, and a skewness. We first review the origin of nat-
ural remnant magnetism, to illustrate that the magnetized layer is thin compared with
its horizontal dimension. Then the relevant differential equations are developed and
solved under the ideal case of seafloor spreading at the north magnetic pole. Anoma-
lies that formed at lower latitudes have a skewness that causes a wavelength-dependent
phase shift. The exercises include the calculation of the magnetic anomalies associ-
ated with seafloor magnetic stripes and comparisons with shipboard magnetic data to
establish the seafloor spreading rate and skewness.

Chapter 5 Cooling of the Oceanic Lithosphere
This chapter uses the Fourier transform method to solve for the temperature in the
cooling oceanic lithosphere for half space and plate cooling models. For researchers in
the areas of marine geology and geophysics, this is the essence of geodynamics since
it explains the age variations of marine heat flow, seafloor depth, elastic thickness,
and geoid height. The cooling models are also used to calculate the driving forces
of plate motions including ridge push and slab pull. We focus on the buoyancy of the
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lithosphere as a function of crustal thickness to explain the conditions when subduction
is possible. A highlight of this chapter are 9 challenging heat flow exercises based
on publications including thermal evolution of an oceanic fracture zone, lithospheric
reheating from a mantle plume, and frictional heating during an earthquake.

Chapter 6 A Brief Review of Elasticity
This chapter reviews stress, strain, and elasticity in three dimensions using tensors.
There is a brief presentation of tensor rotations, principal stress, and stress invariants.
The principal stress vs. strain is inverted using the symbolic algebra in matlab . This is
used to translate the Lame’ elastic constants to Poisson’s ratio and Young’s modulus.
The plane stress formulation is used to develop the moment versus curvature relation-
ship for a thin elastic plate. This chapter is intended as a review and reminds some
students that they need to master this material.

Chapter 7 - Crustal Structure, Isostasy, Swell Push Force, and Rheology
This chapter covers four topics. The first is basic structure of the oceanic and conti-
nental crust. The second and third topics are the vertical and horizontal force balances
due to variations in crustal thickness. The vertical force balance, isostasy, provides a
remarkably accurate description of variations in crustal thickness based on a knowl-
edge of the topography. The horizontal force balance provides a lower bound on the
force needed to maintain topographic variations on the Earth. The fourth topic is the
rheology of the lithosphere. How does the lithosphere strain in response to applied
deviatoric stress? The uppermost part of the lithosphere is cold, so frictional sliding
along optimally-oriented, pre-existing faults governs the strength. At greater depth, the
rocks can yield by nonlinear flow mechanisms. The overall strength-versus-depth pro-
file is called the yield-strength envelope (YSE). The integrated yield strength transmits
the global plate tectonic stress. Moreover, the driving forces of plate tectonics cannot
exceed the integrated lithospheric strength. This provides an important constraint on
the geodynamics of oceans and continents.

Chapter 8 Flexure of the Lithosphere
This chapter covers lithospheric flexure theory for an arbitrary vertical load. The ap-
proach is similar to the solutions of the marine magnetic anomaly problem, the litho-
spheric heat conduction problem, the strike-slip fault problem, and the flat-Earth grav-
ity problem. In all these cases, we use the Cauchy residue theorem to perform the
inverse Fourier transform. In a later chapter we combine this flexure solution with the
gravity solution to develop the gravity-to-topography transfer function. Moreover, one
can take this approach further, to develop a Green’s function relating temperature, heat
flow, topography, and gravity to a point heat source. In addition to the constant flexural
rigidity solution found in the literature, we develop an iterative solution to flexure with
spatially variable rigidity.

Chapter 9 Flexure Examples
This chapter provides practical examples of flexural models applied to structures in the
lithospheres of Earth and Venus. The models are all solutions to the thin and thick-
plate flexure equation, with a variety of surface loads, sub-surface loads, and boundary
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conditions. Both gravity and topography data are used to constrain the models. We
provide a numerical example that takes arbitrary topography and gravity anywhere on
the Earth and uses Generic Mapping Tools to find the best elastic thickness and densi-
ties. A unique feature of this chapter is a comprehensive discussion of the non-linear
relationship between plate bending moment and curvature that dominates at all subduc-
tion zones. This chapter includes 8 challenging flexure exercises based on publications
including: ice shelf flexure, seamount flexure, fracture zone flexure, trench and outer
rise yield strength and fracturing, and flexure on Venus.

Chapter 10 - Elastic Solutions for Strike-Slip Faulting
This chapter provides the mathematical development for the deformation and strain
pattern due to a strike-slip fault in an elastic half space. We develop the solution from
first principles using the Fourier transform approach. This approach does not explicitly
use dislocations but simulates dislocations using body force couples following Steketee
(1958) and Burridge and Knopoff (1964). The main advantage of this method is it is
easily extended to three dimensions as well as complicated fault geometries. We also
demonstrate the inherent non-uniqueness of inverting for slip versus depth from surface
geodetic data yet show that the overall seismic moment is well resolved by surface data.
The exercises at the end of the chapter illustrate the use of the 3-D Fourier transform,
the Cauchy residue theorem, and computer algebra to solve for the response of an
elastic half space to 3-D vector body forces.

Chapter 11 Heat Flow Paradox
This chapter is a quantitative investigation of the heat flow paradox that relates the
expected frictional heating on a fault to the measurements of surface heat flow above
the fault (e.g., Lachenbruch and Sass (1980)). A straightforward calculation, using a
reasonable coefficient of friction, predicts measurably high heat flow above the fault
that is not observed. We also investigate the maximum tectonic moment that could be
sustained by a fault and show it is at least an order of magnitude greater than what is
observed. Finally, we discuss the implications in terms of fault strength and earthquake
predictability.

Chapters 12 The Gravity Field of the Earth, Part 1
This chapter provides a brief introduction to physical geodesy that describes the size
and shape of the Earth and its gravity field. We decompose the Earth’s reference grav-
ity field into a spherical term and terms related to hydrostatic flattening by rotation.
Superimposed on this reference model are anomalies discussed in later chapters. This
chapter also describes how the reference Earth model has been developed and defined
using satellite observations.

Chapters 13 Reference Earth Model: WGS84
This chapter is a summary of the reference shape and gravity field of the Earth as
defined by the WGS84 parameters. Deviations from this reference model are defined
in terms of geoid height, gravity anomaly, and deflections of the vertical.
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Chapter 14 Laplace’s Equation on Spherical Coordinates
This chapter introduces spherical harmonics and their properties for representing plan-
etary gravity fields. We explain how the harmonic decomposition of a function on a
sphere is analogous to the Fourier series decomposition of a 2-D function in Cartesian
coordinates. We then use this spherical harmonic formulation to solve Laplace’s equa-
tion and discuss upward continuation. Finally, we describe how the Earth’s gravity
field is represented as spherical harmonic coefficients and their time variation.

Chapter 15 - Laplace’s Equation in Cartesian Coordinates and Satellite Altimetry
This chapter is focused on shorter wavelength components of the gravity field that are
best represented in Cartesian coordinates using Fourier series. The Fourier transform
of Laplace’s equation is used to illustrate upward continuation as well as the connection
between the anomalous potential (geoid height), its first derivatives (gravity anomaly
and deflections of the vertical), and the second derivatives (gravity gradient tensor).
This chapter also contains a rather complete discussion of satellite radar altimetry and
how it is used to recover short wavelength variations in gravity which provides an
important tool for investigating plate tectonics.

Chapter 16 - Poisson’s Equation in Cartesian Coordinates
This chapter is focused on solving Poisson’s equation using Fourier transforms. This
solution is used to generate models of the disturbing potential and its derivatives from
a 3-D density model. One approach is to perform a convolution of the Green’s function
with the 3-D density model. However, this approach, which appears in most textbooks,
is error prone, computationally inefficient, and almost never used in modern publica-
tions. Instead, we illustrate the Fourier transform approach where the model is divided
into layers and the density of each layer is Fourier transformed, upward continued, and
summed to generate a surface model. A uniform density leads to the Bouguer slab
correction. Finally, we develop Parkers exact formula for computing the gravity model
for a layer with non-uniform topography.

Chapter 17 - Gravity/Topography Transfer Function and Isostatic Geoid Anomalies
This chapter combines thin-elastic plate flexure theory with the solution to Poisson’s
equation, to develop a linear relationship between gravity and topography. We dis-
cuss three uses of this relationship: 1) If both the topography and gravity are measured
over an area that is several times greater than the flexural wavelength, then the grav-
ity/topography relationship (in the wavenumber domain) can be used to estimate the
elastic thickness of the lithosphere and/or the crustal thickness. 2) At wavelengths
greater than the flexural wavelength, where features are isostatically-compensated, the
geoid/topography ratio can be used to estimate the depth of compensation of crustal
plateaus and hot-spot swells. 3) If the gravity field is known over a large area, but
there is rather sparse ship-track coverage, the topography/gravity transfer function can
be used to interpolate the seafloor depth between the sparse ship soundings. Finally,
we show that the geoid height for isostatically-compensated topography is proportional
to the swell-push or ridge-push force so under ideal conditions, one component of the
plate driving force can be measured from the geoid height.
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Chapter 18 Postglacial Rebound
This chapter considers the classic postglacial rebound problem using the Fourier trans-
form approach. This chapter relies on chapter 6 in Geodynamics where the differential
equations for viscous flow of an incompressible fluid are developed. We then solve
for the response of a viscous half space to an arbitrary initial topography to illustrate
the effect of load wavelength on the relaxation time. In addition, an elastic lithosphere
is added to the viscous half space to simulate the present-day collapse of the flexural
forebulge on the perimeter of the major Laurentide and Fennoscandia ice loads.

Chapter 19 - Driving Forces of Plate Tectonics
This chapter discusses the three major driving forces of plate motion ridge push, slab
pull, and viscous drag. In previous chapters we showed that the ridge-push force is
proportional to the age of the cooling ocean lithosphere. In this chapter we focus on the
slab pull force which depends on age of the subducted lithosphere as well as the depth
that the slab remains coupled to the surface. We use results from recent publications
to calculate the positive and negative buoyancy of three major phase changes. 1) The
basalt crust and depleted layer undergoe a phase change to the higher density eclogite.
2) Endothermic phase changes (positive Clapeyron slope) produce a zone of increased
density in the cold lithosphere for a large part of the transition zone between depths
of 310 km and 660 km. 3) Exothermic phase changes (negative Claperyon slope)
below 660 km result in a zone of decreased density between depths of 660 and 720
km. Finally, we discuss the magnitudes of the forces for subduction of a small young
plate as well as a large old plate to illustrate that the slab pull force (thermal plus phase
changes) dominates ridge push and the difference must be attributed to the drag force.

The mathematical developments refer back to the section or equation in Geodynamics
where the solutions are provided. Note that Geodynamics contains much more in-
formation than is provided in this new book Advanced Geodynamics, so both will be
needed for a graduate-level geodynamics course.

Acknowledgements I thank Jerry Schubert, Tony Watts, Paul Wessel, and numerous
students for reviewing and commenting on the manuscript. The Generic Mapping Tools
(GMT) (Wessel et al., 2019) were used extensively in data analysis and to generate fig-
ures. The individual chapters in this book were first developed as lecture notes and con-
verted to LATEX by the people at Dangerous Curve (typesetting@dangerouscurve.org),
some of who have been doing typography since 1979.



Chapter 1

Observations Related
to Plate Tectonics

1.1 Global Maps

The plate tectonic model states that the outer shell (lithosphere) of the Earth is divided
into a small number of nearly rigid plates which slide over the weak asthenosphere.
The plates are the surface thermal boundary layer (TBL) of mantle convection and
descending slabs are the primary active components of the convective system. Plate
boundaries are generally narrow and are characterized by earthquakes and volcanoes.

It is useful to assess the global data sets that are most relevant to plate tectonics. Below
are a series of global maps that help to confirm various aspects of plate tectonic theory.
Plate boundaries are classified as ridges, transform faults, or subduction zones based
on basic observations of topography (Figure 1.1 and Figure 1.9), gravity anomaly (Fig-
ure 1.2) and seismicity (Figure 1.3). Remarkably, the axes of nearly all seafloor spread-
ing ridges lie at a depth of 2500–3000 m below sea level, which is the level of isostasy
for a hot thin lithosphere. Depths gradually increase away from the ridges, because
of cooling and thermal contraction, so old ocean basins are commonly 4500–5000 m
deep. Fracture zones and aseismic ridges also show up on these maps. Global seis-
micity (magnitude >5.1, Figure 1.3) highlights the plate boundaries and reveals their
tectonic style. Shallow normal-faulting earthquakes (<30 km deep) are common along
slow-spreading ridges, but largely absent along faster-spreading ridges where the plates
are too thin and weak to retain sufficient elastic energy to generate large earthquakes.
Transform faults are characterized by relatively shallow (<30 km) strike-slip earth-
quakes and they are common along both fast and slow-spreading ridges. The deeper
earthquakes (green and blue dots in Figure 1.3) occur only in subduction zones where

7
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sheets of seismicity (i.e., Benioff zones) are critical evidence that the relatively cold
lithosphere is subducting back into the mantle. But even convergent boundaries are
characterized by shallow extensional earthquakes on the ocean side of the trenches.
Some regions (e.g., Africa, Asia, Western North America, and the Indian Ocean) have
distributed earthquake activity, indicating broad deformational zones. Topography and
seismicity provide strong evidence for tectonic activity, but little or no information on
the rate of plate motion.

Marine magnetic anomalies, combined with relative plate motion directions based on
satellite altimeter measurements of fracture-zone trends, have been used to construct a
global age map (Figure 1.4) of the relatively young (<180 Myr) oceanic lithosphere.
Finally, the distribution of off-ridge volcanoes that have been active during the Quater-
nary mainly occur directly behind trenches where wet subducting slabs reach astheno-
spheric depths and trigger back-arc volcanism (Figure 1.5). A few active volcanoes
occur within the interiors of the plates and in diffuse extensional plate boundaries.

The geoid (Figure 1.6 shows little correlation at long wavelengths with surface tecton-
ics, and primarily reflects mass anomalies deep in the mantle. It is expected that the
dynamic topography—the topography not due to crustal and near-surface variations—
and the stress-state of the lithosphere will also reflect deep density differences. In-
sofar as volcanoes correlate with high surface elevations and extensional stress, one
expects correlation of volcanoes with deep mantle structure, even if there is no mate-
rial transfer. These maps are available for viewing in Google Earth at the following
site: http://topex.ucsd.edu/geodynamics/tectonics.kmz.

A global map of crustal thickness (Figure 1.7) and Figure 1.9), based on refraction
seismology as well as receiver function analyses, shows the major contrast between
oceanic and continental crust. Ocean crustal thickness is relatively uniform (6-7 km).
In contrast, the crustal thickness under the continents is generally 30-40 km in areas
where the topography is within a few hundred meters of sea level. Areas of high ele-
vation such as the Andes Mountains, the Himalaya Mountains, and the Tibetan Plateau
have much thicker crust. As discussed throughout the text, the lack of high-amplitude,
long-wavelength gravity anomalies is evidence that these large-scale topographic vari-
ations are isostatically compensated - mostly by variations in crustal thickness.

The final map shows lithospheric thickness derived from surface wave tomography
(Figure 1.8). Over the ocean, the thickness of the lithosphere increases with the age
of the plates. The thickest oceanic lithosphere occurs along the western side of the
North and South Atlantic basins as well as the Western Pacific. The lithosphere is very
thick (> 150 km) beneath the continental cratons of South Africa, Australia, north-
ern Eurasia, northeastern North America, eastern South America, Greenland, and East
Antarctica. Thinner continental lithospher occurs in tectonically active areas. One
prominent exception is Tibet and the mountain ranges of central Asia where there is
active crustal shortening and underthrusting of the Indian plate beneath Tibet.

http://topex.ucsd.edu/geodynamics/tectonics.kmz
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Acknowledgements The data provided in these figures represent decades of data
collection by thousands of scientists. Figures were constructed using Generic Mapping
Tools (GMT) (Wessel and Smith, 1995; Wessel et al., 2019). All the global maps can
be reconstructed or customized using the data and GMT scripts at the following site
http://topex.ucsd.edu/geodynamics/global_maps.tgz.

1.2 Exercises

Exercise 1.1. Install Google Earth on your computer and download the global tectonic
maps (http://topex.ucsd.edu/geodynamics/tectonics.kmz). Identify the fol-
lowing triple junctions and use the overlays to determine the type of deformation (R-
ridge, F-transform fault, or T-trench) for each of the three boundaries. Do this for
Mendocino, Galapagos, Chile, Bouvet, Azores, and Indian Ocean triple junctions.

Exercise 1.2. Sketch a topographic profile across the Atlantic Ocean following a tec-
tonic flow line (i.e., perpendicular to isochrons). The profile should extend from the
east coast of North America to the west coast of Africa. Label the major topographic
features. Provide approximate depths for the major topographic features. Sketch a
second profile that extends from the ridge axis to the coast of North America and also
intersects the Island of Bermuda. What are some major differences between this profile
and the first profile?

Exercise 1.3. Where is the youngest ocean floor? Where is the oldest ocean floor?
What are their approximate ages?

Exercise 1.4. What types of earthquake focal mechanisms occur on the three main
types of plate boundaries?

Exercise 1.5. Use the book Geodynamics (Turcotte and Schubert, 2014) to complete
Table 1.1. Devise a thought experiment to measure each quantity. The experiments
should be physically realistic, but not necessarily practical.

Example temperature: One could use a thermometer to measure temperature, but that
depends on knowing the coefficient of thermal expansion. One could use the definitions
of the freezing/boiling point of water to define temperatures of 0◦C and 100◦C. Or one
could use the Stefan-Boltzmann law to measure temperature by measuring radiation L
from a black body at temperature T .

L = σT 4 (1.1)

where σ is the Stefan Boltzmann constant (5.67 × 108 Wm2◦ K4).

http://topex.ucsd.edu/geodynamics/global_maps.tgz
http://topex.ucsd.edu/geodynamics/tectonics.kmz
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Parameter Symbol Units Typical Value and Quantity

Temperature T ◦C or ◦K 100◦C is the boiling point of
water at 1 atm. of pressure.

Thermal conductivity

Heat capacity

Density

Coefficient of thermal
expansion (volumetric)

Acceleration of gravity

Gravitational constant

Young’s Modulus

Poisson’s Ratio

Shear modulus

Bulk modulus

Dynamic viscosity

Table 1.1



Chapter 2

Fourier Transform Methods
in Geophysics

2.1 Introduction

Fourier transforms are used in many areas of geophysics such as image processing,
time series analysis, and antenna design. Here we focus on the use of Fourier trans-
forms for solving linear partial differential equations (PDE). Some examples include:
Poisson’s equation for problems in gravity and magnetics; the biharmonic equation
for problems in linear viscoelasticity; and the diffusion equation for problems in heat
conduction. We do not treat the wave equation in this book, because there are already
many excellent books on seismology. For each of these problems, we search for the
Green’s function that represents the response of the model to a point source. There
are two approaches to solving this class of problem. In some cases, one can derive a
fully analytic solution, or Green’s function, to the point-source problem. Then a more
general model can be constructed by convolving the actual distribution of sources with
the Green’s function. A familiar example is the case of constructing a gravity anomaly
model given a 3-D density anomaly structure. The second semi-analytic approach can
be used to solve more complicated problems where the development of a fully ana-
lytic Green’s function is impossible. This involves using the derivative property of the
Fourier transform to reduce the PDE and boundary conditions to algebraic equations
that can be solved exactly in the transform domain. A more general model can be con-
structed by taking the Fourier transform of the source, multiplying by the transform
domain solution, and performing the inverse transform numerically. Indeed, the only
difference between the two methods is that in the first case, the final model is generated
by direct convolution, while in the second case, the convolution theorem is used for
model generation. When dealing with spatially complex models, the second approach

20
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The finite size of the area leads to a discrete set of wavenumbers kx = m/L, ky =

n/W, and a discrete set of Fourier coefficients Fm
n . In addition to the finite size of the

area, geophysical data commonly have a characteristic sampling interval ∆x and ∆y.
Note that I = L/∆x is the number of points in the x-direction and J = W/∆y is the
number of points in the y-direction. The Nyquist wavenumbers are kx = 1/ (2∆x) and
kx = 1/ (2∆x), so there is a finite set of Fourier coefficients −I/2 < m < I/2 and
−J/2 < n < J/2. Recall the trapezoidal rule of integration

L∫
0

f (x) dx �
I−1∑
i=0

f (xi)∆x where xi = i∆x

L∫
0

f (x) dx � L
I

I−1∑
i=0

f (xi).

(2.48)

The discrete forward and inverse Fourier transform are

Fm
n =

1
IJ

I−1∑
i=0

J−1∑
j=0

f j
i exp

[
−i2π

(m
I

i +
n
J

j
)]
. (2.49)

f j
i =

I/2−1∑
n=−I/2

J/2−1∑
m=−J/2

Fm
n exp

[
i2π

(
i
I
m +

j
J

n
)]
. (2.50)

The summations for the forward and inverse discrete Fourier transforms are similar, so
one can use the same computer code for both transforms. Sorry for the dual use of the
letter ‘i.’ The italic ‘i’ in front of the 2π is

√
−1, whereas the non-italic ‘i’s are integers.

2.8 Exercises

Exercise 2.6. What is the Fourier transform of the following function? Show your
work and simplify the result.

Π(x) =


1 |x| < 1/2
1/2 |x| = 1/2
0 otherwise

(2.51)

Exercise 2.7. Use the convolution theorem to calculate the Fourier transform of the
following. Show your work.

Λ(x) =

1 − |x| |x| ≤ 1
0 |x| > 1

(2.52)

Note Λ = Π ∗ Π.
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Exercise 2.8. Perform the following path integral on |z| = 2.∮
z + 2

(z2 + 1)
dz (2.53)

Exercise 2.9.

%
% 1) Write a program to generate a cosine function
% using 2048 points. Generate exactly 32, or 64 cycles
% of the function. Plot the results and add labels.
%
figure(1)
clf
nx=2048;
kc=64/nx;
x=0:nx-1;
%
% generate the function
%
y=cos(2*pi*x*kc);
%
figure(1)
plot(x,y);
xlabel(’x’)
ylabel(’cos(x)’)
pause
%
% 2) Take the Fourier transform of the function that you made in problem 1.
% Use fftshift to shift the zero frequency to the center of the spectrum.
% Generate wavenumbers for the horizontal axis.
% Take the inverse FFT. Do you get what you started with? (don’t
% forget to undo the fftshift.)
%
figure(2)
subplot(5,1,1),plot(x,y);
xlabel(’x’)
ylabel(’cos(x)’)
%
% generate the wavenumbers
%
k=-nx/2:nx/2-1;
%
cy=fftshift(fft(y));
subplot(5,1,2),plot(k,real(cy));
xlabel(’k’)
subplot(5,1,3),plot(k,imag(cy));
%
% do the inverse FFT
%
yo=ifft(fftshift(cy));
subplot(5,1,4),plot(x,real(yo));
xlabel(’x’)
ylabel(’cos(x)’)
subplot(5,1,5),plot(x,real(y-yo));
xlabel(’x’)
ylabel(’difference’)
pause
%
% 3) Do problem 2 over using a sine function instead of a cosine function.
%
% 4) Show that the Fourier transform of a Gaussian function is a Gaussian function.
% Plot the difference between the fft result and the exact function.
% When you do this problem, it is best to make the Gaussian function an even function
% of x just prior to computing the fft(). If you do this then the transformed
% Gaussian will be real and even. Also you will need to scale the transform by
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% the point spacing dx = L/nx.
%
clear
figure(3)
nx=2048;
L=20;
dx=L/nx;
a=1.;
x=a*(-nx/2:nx/2-1)*dx;
g=exp(-pi*x.*x);
subplot(4,1,1),plot(x,g);
axis([-4,4,-.5,1.1])
xlabel(’x’)
ylabel(’Gaussian’)
%
% generate the wavenumbers
%
k=(-nx/2:nx/2-1)/L;
%
cg=fftshift(fft(fftshift(g)))*dx;
%
% 5) Use this Gaussian example to demonstrate the stretch property of Fourier transform. The
% results should be compared in the wavenumber domain.
%
%
% 6) Use this Gaussian function to illustrate the shift property of the Fourier transform.
% The results should be displayed as a shifted Gaussian in the space domain.
%
%
% 7) Use the Gaussian function to demonstrate the derivative property of the Fourier
% transform. The analytic derivative of the Gaussian should be compared with the
% Fourier derivative in the space domain.
%



Chapter 3

Plate Kinematics

(Reference: (Fowler, 1990, Chapter 2))

3.1 Plate Motions on a Flat Earth

Plate tectonic theory describes the motions of rigid plates on a spherical Earth. How-
ever, when considering the relative motions very close to the plate boundary or at a
triple junction, it is appropriate to use a flat-Earth approximation. We’ll begin with
the flat-Earth case and then move on to the spherical case. Consider the two plates A
and B, which have a subduction zone boundary between them, such as the Nazca and
South American plates. In this analysis, all plate motions are relative, so one can ei-
ther consider plate B as fixed or plate A as fixed, and draw the relative vector velocity
between them—as shown in Figure 3.1.
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Example 3.3. Galapagos Triple Junction Given the rotation vectors of the Cocos
plate relative to the Pacific plate and the Pacific plate relative to the Nazca plate, calcu-
late the spreading rate at 2◦N, 260◦E.

ωCP + ωNC + ωPN = 0
ωNC = −ωCP − ωPN

vNC = ωNC × r(θ, φ)

|v| is the magnitude of the spreading rate

3.7 Hot Spots and Absolute Plate Motions

So far, we have only considered relative plate motions, because there was no way to tie
the positions of the plates to the mantle. One method of making this connection and
thus determining absolute plate motions is to assume that “hot spots” remain fixed with
respect to the lower mantle.

A hot spot is an area of concentrated volcanic activity. There is a subset of hot spots
that have the following characteristics:

1. They produce linear volcanic chains in the interiors of the plates.

2. The youngest volcanoes occur at one end of the volcanic chain, and there is a
linear increase in age away from that end.

3. The chemistry of the erupted lavas is significantly different from lava erupted at
mid-ocean ridges or island arcs.

4. Some hotspots are surrounded by a broad topographic swell about 1000 m above
the surrounding ocean basin.

These features are consistent with a model where the plates are moving over a relatively
fixed mantle plume. After identifying the linear volcanic chains associated with the
mantle plumes, it has been shown that the relative motions among hot spots is about
10 times less than the relative plate motions.

3.8 Exercises

Exercise 3.1. Calculate the spreading rate at a point on the northern Mid-Atlantic
Ridge (latitude 30, longitude 319).
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Exercise 3.2. Calculate the slip rate along the San Andreas Fault in San Francisco
(latitude 38, longitude -122.7). You will need to use tables from DeMets et al. (2010).

Exercise 3.3. Where is the fastest seafloor spreading ridge on the Earth? Use Table 3.1
to calculate the spreading rate at that location.

Exercise 3.4. The vector sum of relative plate velocities around a triple junction is zero:

vBA + vCB + vAC = 0 (3.15)

Show that the following is also true at a position ro:

ωBA + ωCB + ωAC = 0 (3.16)

where the ω’s are the relative rotation poles on a sphere and ro is not parallel to any of
the ω’s.

Exercise 3.5. Use the Google Earth overlays of vertical gravity gradient and earth-
quake epicenters to sketch the geometry of the ridges and transform faults around the
Galapagos triple junction. Given the spreading rate across the southern segment of the
East Pacific Rise (EPR) of 120 mm/yr, calculate the spreading rates on the northern
segment of the EPR and the Cocos ridge.



Chapter 4

Marine Magnetic Anomalies

4.1 Introduction

This chapter develops the equations needed to compute the scalar magnetic field that
is recorded by a magnetometer towed behind a ship, given a magnetic timescale, a
spreading rate, and a skewness (e.g., Schouten (1971); Schouten and McCamy (1972)).
A number of assumptions are made to simplify the mathematics. The intent is to first
review the origin of natural remnant magnetism (NRM), to illustrate that the magne-
tized layer is thin compared with its horizontal dimension. Then the relevant differen-
tial equations are developed and solved under the ideal case of seafloor spreading at the
north magnetic pole. This development highlights the Fourier approach to the solution
to linear partial differential equations. The same approach will be used to develop the
Green’s functions for heat flow, flexure, gravity, and elastic dislocation. For a more
general development of the geomagnetic solution, see the paper by Parker (1973).

4.2 Crustal Magnetization at a Spreading Ridge

As magma is extruded at the ridge axis, its temperature falls below the Curie point,
and the uppermost part of the crust becomes magnetized in the direction of the ambient
magnetic field. Figure 4.1, from Kent et al. (1993), illustrates the current model of
crustal generation. Partial melt that forms by pressure-release in the uppermost mantle
(∼40 km depth) percolates to a depth of about 2000 m beneath the ridge, where it
accumulates to form a thin magma lens. Beneath the lens a mush-zone develops into a
3500 m thick gabbro layer, by some complicated ductile flow. Above the lens, sheeted
dikes (∼1400 m thick) are injected into the widening crack at the ridge axis. Part of
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magnetic field at the seafloor spreading ridge axis. Most of the thermoremnant mag-
netism (TRM) is recorded in the upper 1000 meters of the oceanic crust. If the thick-
ness of the TRM layer was too great, then as the plate cooled while it moved off the
spreading ridge axis, the positive and negative reversals would be juxtaposed in dipping
vertical layers (Figure 4.3). This superposition would smear the pattern observed by a
ship. If the seafloor temperature was above the Curie temperature, as it is on Venus,
then no recording would be possible.

The second scale is related to ocean floor depth and thus the Earth filter. The external
magnetic field is the derivative of the magnetization, which, as shown above, acts as
a high-pass filter applied to the reversal pattern recorded in the crust. The magnetic
field measured at the ocean surface will be naturally smooth (upward continuation),
due to the distance from the seafloor to the sea surface; this is a low-pass filter. This
smoothing depends exponentially on ocean depth, so for a wavelength of 2π times the
mean ocean depth, the field amplitude will be attenuated by 1/e, or 0.37, with respect
to the value measured at the seafloor. The combined result of the derivative and the
upward continuation is a band-pass filter with a peak response at a wavelength of 2π
times the mean ocean depth, or about 25 km. Wavelengths that are shorter (<10 km) or
much longer (>500 km) than this value will be undetectable at the ocean surface.

The third and fourth scales that must match are the reversal rate and the seafloor-
spreading rate. Half-spreading rates on the Earth vary from 10 to 80 km per million
years. Thus, for the magnetic anomalies to be most visible on the ocean surface, the
reversal rate should be between 2.5 and 0.3 million years. It is astonishing that this
is the typical reversal rate observed in sequences of lava flows on land!! While most
ocean basins display clear reversal patterns, there was a period between 85 and 120
million years ago when the magnetic field polarity of the Earth remained positive, so
the ocean surface anomaly is too far from the reversal boundaries to provide timing
information. This area of seafloor is called the Cretaceous quiet zone; it is a problem
area for accurate plate reconstructions.

The lucky convergence of length and time scales makes it very unlikely that magnetic
anomalies due to crustal spreading will ever be observed on another planet.

4.7 Exercises

Exercise 4.1. Explain why magnetic lineations cannot be observed from a spacecraft
orbiting the Earth at an altitude of 400 km.

Exercise 4.2. Explain why scalar magnetic anomalies are not observed at a N-S ori-
ented spreading ridge located at the magnetic equator.

Exercise 4.3. Write a matlab program to generate marine magnetic anomaly versus
distance from a spreading ridge axis. Use equation 4.27 relating the Fourier transform
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of the magnetic anomaly to the Fourier transform of the magnetic timescale. You will
need a magnetic timescale and the start of a matlab program (https://topex.ucsd.
edu/pub/class/geodynamics/hw3). Assume symmetric spreading about the ridge
axis, constant spreading rate, and constant ocean depth.

Use the program and magnetic anomaly profiles across the Pacific-Antarctic Rise
(NBP9707.xydm) and the Mid-Atlantic Ridge (a9321.xydm) to estimate the half-spreading
rate at each of these ridges. You may need to vary the mean ocean depth and skewness
to obtain good fits.

Describe some of the problems that you had fitting the data. Provide some estimates
on the range of total spreading rate for each ridge.

Exercise 4.4. Explain how the global gridded data set EMAG2 was constructed (https:
//www.ngdc.noaa.gov/geomag/emag2.html). Download the grid as a geotiff file
and extract a subgrid approximately 2000 km by 2000 km. Use the upward continu-
ation formula A(k, z) = A(k, 0)e−2π|k|z to calculate the magnetic field at an altitude of
450 km. Explain why satellite measurements of the magnetic field cannot be used to
map ocean anomalies related to seafloor spreading.

https://topex.ucsd.edu/pub/class/geodynamics/hw3
https://topex.ucsd.edu/pub/class/geodynamics/hw3
https://www.ngdc.noaa.gov/geomag/emag2.html
https://www.ngdc.noaa.gov/geomag/emag2.html


Chapter 5

Cooling of the Oceanic
Lithosphere and Ocean Floor
Topography

5.1 Introduction

This chapter uses the Fourier transform method to solve for the temperature in the
cooling oceanic lithosphere. For researchers in the areas of marine geology, marine
geophysics, and geodynamics, this is the most important concept you can learn from
this book. As noted in the original paper on the topic by Turcotte and Oxburgh (1967),
convection of the mantle is primarily controlled by thin thermal boundary layers . The
surface thermal boundary layer, or oceanic lithosphere, is the most important compo-
nent of the convecting system, because it represents the greatest temperature gradient
in the Earth. It also has a greater surface area than the second-most important ther-
mal boundary layer, which is at the core-mantle boundary. As the lithosphere cools it
becomes denser, the seafloor depth increases, and ultimately the lithosphere founders
(subduction). This subduction process both drives the convective flow and efficiently
quenches the mantle.

This chapter covers the same material as Geodynamics (Turcotte and Schubert, 2014,
Sections 4-15 to 4-17). The main difference is the method of solution. Turcotte and
Schubert solve the half-space cooling problem by using a similarity variable to reduce
the time-dependent heat conduction equation from a partial differential equation to an
ordinary differential equation that can be solved by integration. These notes provide
an alternate solution to the problem by using the tools of Fourier analysis. Basically,
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Figure 5.8: Total density defect thickness versus the age (or cooling time) of the litho-
sphere. Normal oceanic crust is 6 km thick and the lithosphere becomes negatively
buoyant after cooling for 30 Ma. For a crustal thickness of 12 km, the time until neg-
ative buoyancy is delayed until 120 Ma. Lithosphere having a 24 km thick crust will
remain buoyant for 500 Ma. Moreover, the lower lithosphere may be reheated or de-
laminate during this long time, so it may never subduct.

5.7 Exercises

Exercise 5.1. (a) What two measurements must be made to determine the conductive
heat flow at the bottom of the ocean? (b) Why is it OK to measure heat flow in the
upper few meters of sediment on the seafloor, while one needs a borehole hundreds of
meters deep to obtain a reliable measure of heat flow on the continents?

Exercise 5.2. Assume the lithosphere of Venus has evolved to a steady-state tempera-
ture profile and there is no heat generated in the lithosphere. Given a current heat flow
of 4×10−2Wm−2, a surface temperature of 450 C, a mantle temperature of 1500 C, and
a thermal conductivity of 3.3 W m−1C-1, calculate the thickness of the lithosphere.

Exercise 5.3. Solve for the temperature T as a function of time t and depth z in a cool-
ing half space. The differential equation for heat diffusion is, and the boundary/initial
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conditions are
∂2T
∂z2 =

1
κ

∂T
∂t

T (0, t) = To

T (∞, t) = Tm

T (z, 0) = Tm.

(5.68)

Use the following similarity variable η = z
2
√
κt

to reduce the partial differential equation
to an ordinary differential equation where κ is the thermal diffusivity, To is the surface
temperature, and Tm is the initial temperature of the half space.

Exercise 5.4. Derive the following relationship between the rate of increase in seafloor
depth with age ∂d

∂t and the difference between the surface and basal heat flow (qs − qL).

∂d
∂t

=
α

Cp (ρm − ρw)
(qs − qL) (5.69)

You will need Fourier’s law, energy conservation, and isostasy as follows:

q = k
∂T
∂z

∂T
∂t

=
k

ρmCp

∂2T
∂z2

d(t) =
−αρm

(ρm − ρw)

L∫
o

Tdz

(5.70)

where:

L asymptotic lithospheric thickness and also the depth of compensation (m)

d seafloor depth (m)

q heat flow (W m−2)

α coefficient of thermal expansion (C−1)

Cp heat capacity (J kg−1)

ρw seawater density (kg m−3)

ρm mantle density (kg m−3)

k thermal conductivity (W m−1C−1)

Exercise 5.5. Calculate the cooling time for lithospheric subduction on Venus for
crustal thicknesses of 16 km and 24 km. The surface temperature of Venus is 455 ◦C;
use a deep-mantle temperature of 1400◦C. Use Earth-like values of thermal expansion
coefficient and thermal diffusivity in Table 5.2.

Exercise 5.6. Show that the coefficients of the Fourier series (5.55) are an = 2
nπ .
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Exercise 5.7. Perform the integration in (5.62) to derive the formula for depth versus
age given in (5.63).

Exercise 5.8. Seasonal variations in temperature near the surface of a glacier.
Derive the formula 9.8 in Chapter 9 of Cuffey and Patterson (2010) and reproduce
Figure 9.2. Also discuss the seasonal variations in heat flow.

Exercise 5.9. Temperature evolution of an oceanic fracture zone (Sandwell and
Schubert, 1982a). An oceanic fracture zone is the boundary between lithosphere of
different ages as shown in Figure 9.15. Consider the profile A-A’ in Figure 9.15. The
temperature far from the FZ near A is the deep mantle temperature Tm and far from the
FZ on the A′ side is the error function solution given in equation 5.23. As the FZ ages,
there will be vertical diffusion of heat causing additional half-space cooling. Also there
will be lateral heat transport across the FZ from the young (hot) side to old (cold) side.
The differential equation, initial condition, and boundary conditions are

∂2T
∂x2 +

∂2T
∂z2 =

1
κ

∂T
∂t

(5.71)

T (x, z, to) = Tm x < 0

T (x, z, to) = To + (Tm − To) er f
(

z
√
κto

)
x > 0

T (x, 0, to) = To

T (x, z, to) = Tm

(5.72)

where z is depth, x is distance across the FZ from A to A′, t is the age of the A side and
to is the age of the A′ side. The solution for the temperture is (Sandwell and Schubert,
1982a)

T (x, z, t) = To+
(Tm − To)

2

[
er f c

x
2
√
κ (t − to)

er f
z

2
√
κ (t − to)

+ er f c
−x

2
√
κ (t − to)

er f
z

2
√
κt

]
(5.73)

(a) Show this solution satisfies the differential equation, initial condition, and boundary
conditions.

(b) Derive equation 5.73. This can be done by direct colvolution in the space domain
or multiplication in the wavenumber domain. Both are algebraically challenging and
cannot be found in the literature.

(c) Write a matlab program to create a contour plot or image of the temperature versus
x and z for any time t > to
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Exercise 5.10. Frictional heating during and earthquake. During an earthquake,
most of the energy is converted to heat. Calculate the temperature across a fault during
and following the earthquake for a variety of fault zone widths. Derive equation 5 in
Fialko (2004).

Exercise 5.11. Temperature and heat flow from mantle plume. When the litho-
sphere passes over a mantle plume, the lower lithosphere is reheated. The motion of
the lithosphere will advect the temperature anomaly T (x, y, z) downstream. Also, heat
will diffuse vertically through the lithosphere toward the surface, resulting in a heat
flow anomaly that is maximum downstream from the source. To simulate this reheat-
ing, we setup a problem where a half space is moving at a velocity v =

(
vx, vy

)
through

a fixed heat source at depth zo given by qo(x, y, z) = q (x, y) δ(z − zo). The differential
equation and boundary conditions for the temperature anomaly are

v · ∇T − κ∇2T =
qo(x, y, z)
ρCp

(5.74)

T (x, y, 0) = 0

lim
z→∞

T (x, y, z) = 0

lim
|x|→∞

T (x, y, z) = 0

lim
|y|→∞

T (x, y, z) = 0

(5.75)

where κ is the thermal diffusivity, Cp is the heat capacity, and ρ is the density. The
solution for an arbitrary heat source at depth zo is

T (k, z) =
Q (k)

4πρCpκp

[
e−2πp|zo−z| − e−2πp|z+zo |

]
(5.76)

where k =
(
kx, ky

)
is the horizontal is the horizontal vector wavenumber and Q (k)

is the 2-D Fourier transform of the heat source. The parameter p in the solution is a
combination of the wavenumbers and velocity

p2 = k · k −
i

2πκ
v · k (5.77)

(a) Derive equation 5.76. Start by taking the 3-D Fourier transform of equation 5.74
and separate the horizontal wavenumbers from the vertical wavenumber. The result is
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(
k · k −

i
2πκ

v · k + k2
z

)
T (k, kz) =

Q (k) e−i2πkzzo

4π2ρCpκ
(5.78)

Continue with the derivation using definition of p2 given in equation 5.77. Perform
the inverse transform with respect to kz by integrating around the poles in the complex
plane keeping only terms with decaying exponential in z. Finally use the method of
images to satisfy the surface boundary condition.

(b) Compute the vertical heat flow and then the surface heat flow.

(c) Write a matlab program to compute the temperature and heat flow at any depth using

a Gaussian heat source q(x, y, z) = Aδ(z − zo) exp
(
−

x2+y2

2σ2

)
where σ is the half-radius

of the source. The computational approach is to generate a 2-D array representing
the Gaussian heat source. Put the center of the source somewhere in the middle of
the 2-D array. Take its 2-D Fourier transform. Generate the wavenumbers and the
solution in equation 5.76. Multiply the source and solution and perform the inverse 2-D
transform. Note the equation for the temperature 5.76 is singular when both horizontal
wavenumbers are zero (i.e., p = 0). Set this term to zero prior to computing the 2-D
inverse Fourier transform. To simulate the Hawaiian plume, use an x-velocity of 40
mm/yr and a 2σ of 1000 km and place the source at a depth of 60 km. Make the width
of the array 4000 km and the length of the array in the x-direction at least 20,000 km.
This great length is needed to avoid the Fourier edge effect caused by heat flowing to
great depth. Make images or contour maps of the temperature at a depth of 50 km and
the surface heat flow making sure the pixels are square so the results are not distorted.
Explore the parameter space of plume strength, A, plume radius σ, plume depth zo,
and plate speed vx. Note if a finite thickness plate is used both the wrap-around and p-
singulaity will be gone (Sandwell, 1982b). An example of the temperature and surface
heat flow for a thinned lithosphere is shown in Figure 5.9.



CHAPTER 5. COOLING OF THE OCEANIC LITHOSPHERE 85

Temperature
at 64 km
(˚C)

Surface Heat
Flow (mWm  )-2

Figure 5.9: The response of the lithosphere moving at a velociy of 40 mm/yr over a
Gaussian heat source with half widths (circles) of (a) 2000 km and (b) 200 km. The
maximum temperature is approximately at the downstream edge of the source while
the surface heat flow is displaced significantly downstream (Sandwell, 1982b).



Chapter 6

A Brief Review of Elasticity

This is a very brief review of the elasticity theory needed to understand the principles of
stress, strain, and flexure in Geodynamics (Turcotte and Schubert, 2014). This review
assumes that you have already taken a course in continuum mechanics. One difference
from Geodynamics is that we follow the sign convention used by seismologists and
engineers, where extensional strain and stress is positive.

6.1 Stress

Stress is a force acting on an area and is measured in Newtons per meter squared (N m−2),
which corresponds to a Pascal unit (Pa). Figure 6.1 shows a cube of solid material.
Each face of the cube has three components of stress, so there are nine possible com-
ponents of the stress tensor.

We will consider only the symmetric part of the stress tensor, so only six of these
components are independent. The antisymmetric part of the tensor represents a torque.
In Cartesian coordinates, the stress tensor is given by

σi j =


σxx σxy σxz

σxy σyy σyz

σxz σyz σzz

 (6.1)

where index notation is the shorthand for dealing with tensors and vectors; a variable
with a single subscript is a vector ~a = ai, a variable with two subscripts is a tensor
σ = σi j, and a repeated index indicates summation over the spatial coordinates. For
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These equations are the starting point for the development of the relationship be-
tween bending moment and curvature provided in Geodynamics (Turcotte and Schu-
bert, 2014, section 3.9).

6.6 Exercises

Exercise 6.3. Use the thin plate equations (equation (6.22)) to develop a linear relation-
ship between moment and curvature. What are the important parameters that control
the flexural rigidity? It will be helpful to study T&S (Turcotte and Schubert, 2014,
section 3.9).



Chapter 7

Crustal Structure, Isostasy,
Swell Push, and Rheology

7.1 Introduction

This chapter covers four topics. First the basic structure of the oceanic and continental
crust is provided. The emphasis is on layer thickness and densities, and there is little
discussion of composition. The second and third topics are the vertical and horizontal
force balances due to variation in crustal thickness. The vertical force balance, isostasy,
provides a remarkably accurate description of variations in crustal thickness based on a
knowledge of the topography. The horizontal force balance provides a lower bound on
the force needed to maintain topographic variations on the Earth. The basic question
is: “What keeps mountain ranges from spreading laterally under their own weight?”

The fourth topic is the rheology of the lithosphere (Brace and Kohlstedt, 1980). How
does the lithosphere strain in response to applied deviatoric stress? The uppermost part
of the lithosphere is cold, so frictional sliding along optimally-oriented, pre-existing
faults governs the strength. At greater depth, the rocks can yield by nonlinear flow
mechanisms. The overall strength-versus-depth profile is called the yield-strength en-
velope (YSE). The integrated yield strength transmits the global plate tectonic stress.
Moreover, the driving forces of plate tectonics cannot exceed the integrated lithospheric
strength. This provides an important constraint on the geodynamics of oceans and con-
tinents.

The yield-strength-envelope formulation will also be used in the chapter on flexure.
It provides an explanation for the increase in the thickness of the elastic layer as the
lithosphere ages and cools. In addition, it is used to understand the depth of oceanic
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Figure 7.12: Oceanic (solid) and continental (dashed) yield strength envelope models
as a function of cooling age based on the plate cooling model. (upper) Yield strength
versus depth in extension (positive) and compression (negative). (lower) Integrated
yield strength for oceanic (solid) and continental lithosphere having normal crustal
thickness (dashed) and 50 km thick crust (short dash). Note that for the same geotherm,
continental lithosphere is always weaker than oceanic lithosphere.

7.7 Exercises

Exercise 7.5. What is the average crustal stress needed to maintain the elevation of
Tibet (5 km) with respect to the elevation of India (0 km− sea level). Use the crust and
mantle densities of 2800 kg m−3 and 3200 kg m−3 , respectively. Assume the crustal
thickness under India is 30 km.
(a) Use Airy isostasy to solve for the crustal thickness of Tibet.

(b) Calculate the outward driving force using equation (7.7).

(c) Calculate the average stress as the ratio of driving force to total crustal thickness.
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Exercise 7.6. An ice sheet of thickness D and density ρi = 960 kg m−3 is floating on
an ocean of density ρw = 1025 kg m−3 under the force of gravity g. Assume the ice
sheet is thin relative to its horizontal dimensions. See Figure 7.13.

ρiρw ρw

ρw

-h

-D

P ∆P

g

Figure 7.13

(a) Sketch the pressure versus depth for the ice and water, as well as the pressure
difference versus depth.

(b) Derive an expression for the freeboard (i.e., height above sea level) of the ice sheet.

(c) Derive an expression for the outward driving force per unit length into the page
caused by this density configuration

Fs =

0∫
−D

∆P (z) dz

Check your results in a limiting case.



Chapter 8

Flexure of the Lithosphere

This chapter is basically a supplement to Geodynamics (Turcotte and Schubert, 2014,
Chapter 3). The results of the first derivation are the same as Geodynamics (Turcotte
and Schubert, 2014, equation (3.130)), but rather than guessing the general solution,
the solution is developed using Fourier transforms. The approach is similar to the
solutions of the marine magnetic anomaly problem, the lithospheric heat conduction
problem, the strike-slip fault flexure problem, and the flat-Earth gravity problem. In all
these cases, we use the Cauchy integral theorem to perform the inverse Fourier trans-
form. Later we’ll combine this flexure solution with the gravity solution to develop the
gravity-to-topography transfer function. Moreover, one can take this approach further,
to develop a Green’s function relating temperature, heat flow, topography, and grav-
ity to a point heat source (e.g., Sandwell (1982a)). In addition to the constant flexural
rigidity solution found in the literature, we develop an iterative solution to flexure with
spatially variable rigidity.

Before going over these notes, please reread Geodynamics (Turcotte and Schubert,
2014, Section 3-9) on the development of moment versus curvature for a thin elastic
plate.

The loading problem is illustrated in Figure 8.1. We start with a simple line source, but
the solution method also applies to a point source. Of course, the point source Green’s
function can be convolved with an arbitrary load distribution to make the solution com-
pletely general; we’ll do this later. The vertical force balance for flexure of a thin elastic
plate floating on the mantle is described by the following differential equation

d2

dx2

(
D(x) d2w

dx2

)
flexural

resistance

+ F d2w
dx2

end
load

+ ∆ρgw

restoring
force

= q(x)

vertical
load

. (8.1)
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Figure 8.6: (solid) Normalized flexure of a continuous plate under a line load. (dashed)
Normalized flexure with line load and end load. The plate begins to buckle at the
flexural wavelength.

An example of the flexure due to a line load on a thin elastic plate is shown in Fig-
ure 8.6. When no end load is applied, the flexure follows the analytic solution for a
continuous plate given in equation (8.13). When an end load is applied the plate begins
to buckle. This example has an end load F = 0.9Fc.

Next, consider an example of buckling of oceanic lithosphere that is 50 km thick. The
density contrast ∆ρ = (ρm − ρw) and other parameters are given in Table 8.1. The
parameters of interest are the average stress at the ends of the plate σ = Fc/h and
the buckling wavelength λc. For this case, the values are 4.9 GPa and 475 km. From
the analysis of the yield strength envelope, it is clear that this level of stress cannot
be sustained by even the strongest oceanic lithosphere. Therefore, the elastic buckling
model is not relevant for the Earth. One must consider the inelastic properties of the
lithosphere to understand the response to large end loads.

8.4 Exercises

Exercise 8.1. Continental yield strength envelope model. The continental yield strength
has been described as a jelly sandwich consisting of a weak layer (jelly) between two
strong layers (bread). The flexural rigidity of a single strong layer is

D =
Eh3

12
(
1 − ν2) (8.31)

(a) What is the flexural rigidity of two strong layers, each of thickness h/2, that are not
bonded along their common interface?
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(b) What is the effective elastic thickness for this layered case (bottom diagram in
Figure 8.7)?

h

h/2

Figure 8.7: (solid) (top) Single plate of thickness h. (bottom) Two plates each of thick-
ness h/2 are not bonded at their interface, so they act independently under a bending
moment.

Exercise 8.2. Write a matlab program to generate the two flexure curves in Figure 8.6.
Start with the code used in Exercise 2.9.

Exercise 8.3. (a) Consider an ice shelf of thickness h (150 m) and density ρi (980kgm−3)
floating on an ocean of density ρw (1025kgm−3) . The ice starts at a cold uniform tem-
perature of To (-22C) as it flows out onto the ocean and then is warmed at its base
to a temperature of seawater Tw (-2C). The ice has enough time to equilibrate so the
geotherm is approximately linear with depth and is

T (z) = (Tw − To)
z
h

+ To. (8.32)

Show that the thermal bending moment is

MT =
γE (Tw − To)

12
h2 . (8.33)

where E (1.6×109Pa) is Young’s modulus and γ (5.5×10−5C−1) is the linear coefficient
of thermal expansion. Assume that the depth-integrated end load is zero.

(b) Derive the following formula for the deflection of the plate as a function of distance
from the edge of the ice shelf. Hint see equation 3.151 in Turcotte and Schubert.

w (x) =
α2MT

2D
e−(x/α) [cos (x/α) − sin (x/α)] . (8.34)

c) Plot the deflection of the plate as a function of distance from the edge of the ice
shelf. How does this compare with the topography of the rampart and moat shown in
Figure 2 of Scambos et al. (2005).



Chapter 9

Flexure Examples

This chapter provides practical examples of flexural models applied to structures in the
lithospheres of Earth and Venus. The models are all basically solutions to the thin-
plate flexure equation, with a variety of surface loads, sub-surface loads, and boundary
conditions. Both gravity and topography data are used to constrain the models. We’ll
see in a following chapter that gravity data provide important constraints on the to-
pography of the Moho. Figures and captions from various sources are provided on the
following pages. The excellent book by Watts (2001) provides a much more thorough
and extensive survey of oceanic and continental flexures.

The features discussed below include:

Seamounts undersea volcanoes loading the oceanic lithosphere.

Trenches plate bending at subduction zones on Earth and Venus.

Fracture Zones flexure that accumulates due to the differential subsidence across an
oceanic fracture zone.

In addition, there are seven exercises at the end of the chapter to explore a wider variety
of published flexure models including ice shelves and rift flank uplifts. Students can
select a topic of interest, reproduce the published results, and provide a critical analysis
of each paper.
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9.4 Exercises

Exercise 9.1. Show that Equation 9.2 is true by integrating the solution for the trench
flexure case (Geodynamics (Turcotte and Schubert, 2014, Equation 3-142))

w (x) = woe−x/α cos
x
α
. (9.4)

Compare this with the moment computed from the curvature

M (x) = D
∂2w
∂x2 . (9.5)

You will need the relationship between α and D given in Equation 8.6.

Exercise 9.2. Ice Shelf Flexure - Discuss the tidal flexure model and derive equation
3 in the paper by Vaughan (1995). Generate the curve shown in Figure 5. Explain the
overall findings of the paper.

Exercise 9.3. Seamount Flexure - Discuss the seamount loading flexure model and
derive equation 11 of Banks et al. (1977). How would one calculate a model for a load
of arbitrary shape? Use GMT or matlab to generate the flexure for a Gaussian-shaped
seamount.

Exercise 9.4. Trench Flexure - Discuss the trench flexure problem and derive the
solution given in equation 2 of Caldwell et al. (1976). Reproduce the graphs shown in
Figure 3. Explain the overall findings of the paper.

Exercise 9.5. Fracture Zone Flexure - Discuss the fracture zone flexure problem and
derive the solution given in equation 11 of Sandwell and Schubert (1982a). Calculate
the topography and stress across a single fracture zone with different flexural rigidities
on either side (simple case, no time dependence, no lateral heat conduction). Explain
the overall findings of the paper.

Exercise 9.6. Flexure on Venus - Discuss the Venus Flexure problem and why it is
important. Derive equations 2 in Johnson and Sandwell (1994). Derive equation 10
from equations 7 and 8. When might it be more appropriate to use a ring load rather
than a bar load. Explain the overall findings of the paper in terms of the geothermal
gradient on Venus.

Exercise 9.7. Outer Rise Yield Strength - Discuss why it is important to consider
the finite yield strength of the lithosphere when modeling flexure at subduction zones.
Discuss equations 3 and 12 in McNutt and Menard (1982). Discuss the difference
between the effective elastic thickness and the mechanical thickness.

Exercise 9.8. Rift Flank Uplift - Why do the flanks of rifts go up? Reproduce Figure
3 in Brown and Phillips (1999). Discuss the equation 11 and Figure 5 in Weissel and
Karner (1989).
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Exercise 9.9. Lake Loading - Discuss the lake loading flexure problem and its effect
on the San Andreas Fault. Derive equations 2 and 3 in Luttrell et al. (2007). Reproduce
the thin-plate plots in Figure 4. Explain the overall findings of the paper.



Chapter 10

Elastic Solutions
for Strike-Slip Faulting

(References: (Weertman and Weertman, 1966; Savage and Burford, 1973; Cohen,
1999))

This chapter provides the mathematical development for the deformation and strain
pattern due to an infinitely long, strike-slip fault in an elastic half space. The notes
are similar to sections 8-6 through 8-9 in Geodynamics (Turcotte and Schubert, 2014).
While we follow the overall theme of Chapter 8, we’ll deviate in two respects. First
we’ll use a coordinate system with the z-axis pointed upward, to be consistent with the
other chapters on gravity, magnetics, and heat flow. Second we’ll develop the solution
from first principles using the Fourier transform approach. This approach does not
explicitly use dislocations (e.g., Segall (2010)) but simulates dislocations using body
force couples following Steketee (1958) and Burridge and Knopoff (1964).

10.1 Interseismic Strain Buildup

The first objective is to derive an expression for the surface displacement v(x) and
surface strain δv/δx for the model shown in Figure 10.1. A constant velocity V is
applied at an elastic half space. There is a fault in the half space with locked and
creeping sections.
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displacement vector u (x, y, z) on the surface or inside of the Earth due to a vector body
force at depth. This solution can be used to construct a variety of models such as
fault slip of arbitrary complexity (e.g., Smith and Sandwell (2003)). We start with the
equations that relate stress to body forces, stress to strain, and strain to displacement

σi j, j = −bi (10.57)

σi j = δi jλεkk + 2µεi j (10.58)

εi j =
1
2

(
ui, j + u j,i

)
. (10.59)

Substitute equation 10.59 into equation 10.58

σi j = δi jλuk,k + µ
(
ui, j + u j,i

)
. (10.60)

Substitute equation 10.60 into equation 10.57

δi jλuk,k j + µ
(
ui, j j + u j,i j

)
= −bi (10.61)

and rewrite as

(λ + µ) uk,ki + µui,kk = −bi. (10.62)

Equation 10.62 can be written as 3 partial differential equations

µ∇2u + (λ + µ)
[
∂2u
∂x2 + ∂2v

∂y∂x + ∂2w
∂z∂x

]
= −bx

µ∇2v + (λ + µ)
[
∂2u
∂x∂y + ∂2v

∂y2 + ∂2w
∂z∂y

]
= −by

µ∇2w + (λ + µ)
[
∂2u
∂x∂z + ∂2v

∂y∂z + ∂2w
∂z2

]
= −bz

(10.63)

Next introduce a vector body force at x = y = 0, z = a. To satisfy the boundary
condition of zero shear traction at the surface, an image source is also applied at x =

y = 0, z = −a (Figure 10.11). Equation 10.64 describes this point body force at the
source and image locations, where F =

(
Fx, Fy, Fz

)
is a vector force with units of force.

b (x, y, z) = Fδ (x) δ (y) δ (z − a) + Fδ (x) δ (y) δ (z + a) (10.64)
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Figure 10.11: Coordinate system with point vector body forces at a and −a.

Exercise 10.1. It is left as an exercise to take the 3-D Fourier transform of equa-
tions 10.63 and 10.64 to reduce the partial differential equations to a set of linear al-
gebraic equations. Several of the properties of Fourier transforms, given in Chapter 2,
will be helpful. The result is

(λ + µ)


k2

x +
µk2

(λ+µ) kykx kzkx

kxky k2
y +

µk2

(λ+µ) kzky

kxkz kykz k2
z +

µk2

(λ+µ)




U(k)

V(k)

W(k)

 =
e−i2πkza + ei2πkza

4π2


Fx

Fy

Fz


(10.65)

where k =
(
kx, ky, kz

)
and k2 = k · k.

Exercise 10.2. Invert the linear system of equations to isolate the 3-D displacement
vector solution for U (k), V (k), and W (k). This can be done using the symbolic algebra
capabilities of matlab or another computer algebra package.


U(k)

V(k)

W(k)

 =
(λ + µ)

(
e−i2πkza + ei2πkza

)
µ (λ + 2µ) 4π2k4


(
k2

y + k2
z

)
+

µk2

(λ+µ) −kykx −kzkx

−kxky

(
k2

x + k2
z

)
+

µk2

(λ+µ) −kzky

−kxkz −kykz

(
k2

x + k2
y

)
+

µk2

(λ+µ)




Fx

Fy

Fz


(10.66)

One can check the inversion using the following matlab symbolic code.

%
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% MATLAB routine to check the solution in the kx, ky, kz domain.

%

pi = sym(’pi’);

kx=sym(’kx’);

ky=sym(’ky’);

kz=sym(’kz’);

% elastic constants

la=sym(’la’);

mu=sym(’mu’);

lam=la+mu;

% combinations of wavenumbers

c=sym(’c’);

c=(kx*kx+ky*ky+kz*kz);

% forward matrix

A=[kx*kx+mu*c/lam,ky*kx, kz*kx;

kx*ky,ky*ky+mu*c/lam,kz*ky;

kx*kz,ky*kz,kz*kz+mu*c/lam];

% solution in Fourier domain, inverse matrix

B=[c*mu/lam+ky*ky+kz*kz,-kx*ky,-kx*kz;

-kx*ky,c*mu/lam+kx*kx+kz*kz,-kz*ky;

-kx*kz,-ky*kz, c*mu/lam+kx*kx+ky*ky];

% normalize

A=A*lam;

B=B*lam/(mu*(la+2*mu)*c*c);

% multiply to get the identity matrix

C=B*A;

simplify(C)

ans =

[ 1, 0, 0]

[ 0, 1, 0]

[ 0, 0, 1]

The next step is to perform the inverse Fourier transform with respect to kz of each of
the three terms for each of the three displacement component for both the source and
the image. There are 12 different integrations to be performed although they are all very
similar. For example, the following is the inverse transform for the V (k) displacement
driven by the Fx component of body force (source not image).

[V (kh, z) = −Fx
(λ + u)
µ (λ + 2u)

kxky

4π2

∞∫
−∞

ei2πkz(z−a)

(kz + i |kh|)2(kz − i |kh|)2 dkz (10.67)

where kh =
(
kx, ky

)
is the horizontal wavenumber and |kh| =

(
k2

x + k2
y

)1/2
. The denomi-

nator has four poles in the complex plane, two at −i |kh| and two at i |kh| .
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Exercise 10.3. Use the Cauchy residue theorem, for the case of repeated poles, and
the boundary condition that the displacement must vanish as z→ ∞ to derive the V (k)
displacement.

V (kh, z) = −Fx
(λ + u)
µ (λ + 2u)

kxky

2π

[
1 + 2π |kh|

4|kh|
3

]
e−2π|kh |(z−a) (10.68)

There are a number of additional steps needed to develop a full algorithm for comput-
ing displacements due to double-couple fault sources. These are published in Smith
and Sandwell (2003). The astute reader will notice that while the introduction of an
image body force achieves the zero shear stress boundary condition, the normal stress
at the surface is not zero. This boundary condition can be corrected by applying an
equal but opposite vertical stress following Steketee (1958). Also, for purely vertical
faults, the body force can be analytically integrated over depth. The final step is a
numerical implementation for a complicated fault model. This involves making 2-D
grids of each of the three components of the body force. The forces in these grids can
be arranged to create single or double couples in an arbitrarily complex pattern. For a
more complete description, see Smith and Sandwell (2003). These three force grids are
Fourier transformed and multiplied by the elements of the Earth response (e.g., equa-
tion 10.68), The results are summed and inverse transformed to calculate the vector
displacement as well as all the stress components through differentiation. The main
advantages of this approach are computational efficiency and the ability to construct
very complex fault systems. An example of the Coulomb stress accumulation rate on
the San Andreas Fault system is shown in Figure 10.12 . Note this analysis was ex-
tended to include a uniform-thickness elastic plate over a viscoelastic half space (Smith
and Sandwell (2004)). The computer code for creating these 3-D, time-dependent fault
models can be found at: https://github.com/dsandwell/fftfault.

https://github.com/dsandwell/fftfault
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Figure 10.12: (left) Coulomb stress accumulation rate of the SAFS, evaluated at 1/2 of
the locking depth projected into pole of rotation coordinate system (Wdowinski et al.,
2007). (right) Present-day (calendar year 2007) Coulomb stress accumulation based on
stress accumulation and contributions from 75 historical and prehistorical earthquake
ruptures. Black lines are faults where force double couples are applied and imbedded
in a 1 km by 1 km grid. Modified from Smith-Konter and Sandwell (2009).



Chapter 11

Heat Flow Paradox

11.1 Heat Flow Paradox

The heat flow paradox relates the expected frictional heating on a strike-slip fault, such
as the San Andreas Fault, to the measurements of surface heat flow above the fault
(e.g., Lachenbruch and Sass (1980)). A straightforward calculation, using a reasonable
coefficient of friction for the fault, predicts measurably high heat flow above the fault
that is not observed. Is the lack of a heat flow anomaly evidence that faults are very
weak or is the heat flow anomaly erased by hydrothermal circulation in the crust? In
this chapter we develop a simple heat conduction model, following Lachenbruch and
Sass (1980) to explore this paradox.

The seismogenic zone extends from the surface to a depth of about 12 km. According
to Byerlee’s law (Byerlee, 1978), the shear stress on the fault should be some fraction
of the lithostatic stress.

τ(z) = f ( ρc − ρw) gz (11.1)

f static coefficient of friction ∼0.60

ρc crustal density 2600 kg m−3

ρw water density 1000 kg m−3

g acceleration of gravity 9.8 m s−2

D depth of seismographic zone 12 km
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per length for the Landers earthquake. Given the fault parameters above, this moment
implies a potential seismic offset of 45 m and a recurrence time of 30000 years—a
giant earthquake indeed!

There are only two ways to understand this dilemma:

1. Faults are somehow lubricated ( f∼.05), so the average stress on the fault is 10–20
times smaller than predicted by Byerlee’s law. In this case, one has the difficulty
of maintaining the elevation of the topography in California. For example, San
Jacinto Mountain, which is less than 25 km from the San Andreas Fault, has a
relief of about 3000 m, which implies stresses of 80 MPa (16 times the stress
drop in an earthquake).

2. Faults are strong as predicted by Byerlee’s Law. In this case, faults are always
very close to failure and each earthquake relieves only a small fraction (∼10%)
of the tectonic stress. As we saw in the last section, this model implies a large
amount of energy dissipation along the fault; friction from both aseismic creep
and seismic rupture will generate heat. It has been proposed that perhaps during
the earthquake, the coefficient of friction drops from 0.60 to, say, 0.05, to tem-
porarily disable the heat generation. However, it seems that such a slippery fault
would release all of the elastic energy during an earthquake (∼45 m of offset).
Another possibility is that heat is generated, but a large fraction of the heat is ad-
vected to the surface by circulation of water in the upper couple km of crust. The
unfortunate implication of this high-stress model is that since faults are always
close to failure, it will be almost impossible to predict earthquakes.

11.3 Exercises

Exercise 11.1.
(a) Provide an approximate formula for the magnitude of the shear stress that is

needed to induce slip on a dry fault at 10 km depth in continental crust (density
2800 kg m−3). Which parameter is least well known and what is a possible range
for this parameter?

(b) Suppose the crust is saturated with water to 10 km depth. How does this change
the stress magnitude?

Exercise 11.2. Derive equation 11.18.



Chapter 12

The Gravity Field of the Earth,
Part 1

12.1 Introduction

Chapters 12 through 15 cover physical geodesy, the shape of the Earth and its gravity
field. This is electrostatic theory applied to the Earth. Unlike electrostatics, geodesy is
a nightmare of unusual equations, unusual notation, and confusing conventions. Here
we attempt to simplify and condense physical geodesy by focussing on concepts that
are central to the field of geodynamics and tectonics. Chapter 5 of Geodynamics (Tur-
cotte and Schubert, 2014) covers much of this topic but at a lower mathematical level.
For a much more complete discussion of potential theory applied to the Earth, we rec-
ommend the excellent book by Blakely (1995). Following Blakely (1995) and Parker
(1973), most of the Cartesian calculations are performed in the Fourier transform do-
main which greatly simplyfies operations such as upward and downward continuation
as well as modeling of complex density interfaces. Satellite radar altimetry has revolu-
tionized our understanding of the gravity field, tectonics, and topography of the oceans
so we focus on methods of processing and gridding these data in Chapter 15.

The things that make physical geodesy messy include:

• Earth rotation;

• latitude is measured from the equator instead of the pole;

• latitude is not the angle from the equator, but is referred to the ellipsoid;

• elevation is measured from a theoretical surface called the geoid;

• spherical harmonics are defined differently from standard usage;
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Fig. 1. Structural detail of LAGEOS satellite. 

ogy, modeling techniques, and computer procedures have im- 
proved the accuracy of site determinations to a few centime- 
ters in all coordinates. Contemporary measurements then are 
in the range where important geodynamic and geodetic obser- 
vations can be made. 

The Crustal Dynamics Project (CDP) of the National Aero- 
nautics and Space Administration has the primary respon- 
sibility for conducting laser ranging measurements on 
LAGEOS. Numerous other domestic and foreign institutions 
are cooperating in data collection, analysis, and interpretation. 
The CDP was formed in 1979 to apply space technology, both 
in the form of satellite laser ranging and very long baseline 
interferometry (see below) to the measurement of tectonic 
plate motions, regional crustal deformations, polar motion 
and earth rotation, and other phenomena associated with 
crustal movements. The CDP is contained with NASA's Geo- 
dynamics Program which has evolved from earlier earth phys- 
ics programs such as the National Geodetic Satellite Program, 
the Earth and Ocean Physics Applications Program, and the 
LAGEOS Project. 

This special issue of JGR presents current scientific findings 
based on analyses of LAGEOS data. It brings together work 
on satellite geodesy, gravity, plate tectonics, polar motion, 
postglacial rebound, length-of-day, angular momentum, earth 
tides, and mantle structure. Before summarizing these reports 
it is appropriate to mention some of the papers that have 
already been published using LAGEOS data. The evolution of 
the LAGEOS orbit and various orbit perturbations have been 

discussed by Smith and Dunn [1980], Afonso et al. [1980], 
Rubincam [1982], Alselmo et al. [1983], and Smith [1983]. 
Features of a special gravity field developed to model the 
LAGEOS orbit, GEM L2, is discussed by Lerch et al. [1982]. 
The use of LAGEOS data to study postglacial rebound has 
been reported by Yoder et al. [ 1983], Rubincam [1984], Peltier 
[1983], and Alexander [1983]. Lerch et al. [1978] have deter- 
mined the geocentric gravitational constant (GM). A number 
of conference proceedings contain LAGEOS results. Many of 
these are referenced in the geodesy portion of the 1979-1982 
U.S. National Report to the International Union of Geodesy 
and Geophysics. 

SUMMARY OF TECHNICAL PAPERS 

For descriptive purpose the papers presented in this special 
issue of the Journal of Geophysical Research can be divided 
into nine interrelated categories that cut across the traditional 
earth sciences disciplines of geodesy and tectonophysics and 
involve (1) reference frames for earth dynamics, (2) station 
coordinates and intersite baselines, (3) gravity fields, (4) polar 
motions, (5) earth rotation, (6) earth tides, (7) orbital pertur- 
bations, (8) mantle structure, and (9) geodetic techniques. In 
the following paragraphs we will discuss each of these topics 
and the papers presented that relate to them. 

The establishment of a geodynamic reference frame is a 
basic step for virtually all LAGEOS analyses. Both the geo- 
detic and geophysical inferences to be drawn from SLR data 
depend on having a well defined coordinate system with a 

Figure 12.7: Structural detail of the LAGEOS satellite (Cohen and Smith, 1985).

12.3 Exercises

Exercise 12.1. Derive equation (12.6) using the ellipsoidal Earth model.

Exercise 12.2. Derive equation (12.12) by following the instructions in the paragraph
preceding this equation. Assume a

c � 1.

Exercise 12.3. Derive equation (12.16). You may need to refer to the book by Stacey
(1977, Chapter 4, page 76).

Exercise 12.4. A sun synchronous orbit has a prograde precession rate of once per
year. This type of orbit is used by optical remote sensing satellites to have the same sun
illumumination for every repeat cycle. Use equation (12.16) to calculate the inclination
of the orbit plane needed to match this rate for a satellite in a circular orbit at 800 km.

Exercise 12.5. Assume the density of the Earth is uniform and the earth is a perfect
sphere.

(a) Develop a formula for the gravitational acceleration as a function of radius inside
the Earth and check the dimensions.

(b) Develop a formula for the pressure at the center of this Earth and check the
dimensions.



Chapter 14

Laplace’s Equation
in Spherical Coordinates

14.1 Introduction

As discussed in Chapter 12, the gravity field of the Earth can be decomposed into a ref-
erence gravity model (e.g., WGS84), and anomalies which can be expanded in spher-
ical harmonics and/or Fourier series. The spherical harmonic decomposition should
be used for longer wavelength anomalies (i.e., λ > 1000 km). However, for shorter
wavelength anomalies (e.g., λ < 1000 km), the Fourier series representation is more
practical and computationally efficient.

We begin by introducing spherical harmonics and their properties. We explain how
the spherical harmonic decomposition of a function on a sphere is analogous to the
Fourier series decomposition of a 2-D function in Cartesian coordinates. We then use
this spherical harmonic formulation to solve Laplace’s equation. Finally, we describe
how the Earth’s gravity field is represented as spherical harmonic coefficients. This
chapter follows from Jackson (1998, Chapter 3). However, when we apply this math-
ematical development to the Earth, we replace the colatitude measured from the z-
axis—commonly used by mathematicians and physicists—with the geocentric latitude
measured from the equator—commonly used by Earth scientists.
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In summary, one can calculate the gravity field at a radius greater than the equatorial
radius of the Earth. If the calculation is performed in an Earth-fixed coordinate system
rotating with the Earth, then the gravity computed using the WGS84 reference model in
equation (13.3) is added to the disturbing potential computed using spherical harmonic
coefficients; see equation (14.18).

U (r, θ, φ) =
−GMe

r

1 +

∞∑
l=2

m=l∑
m=0

(a
r

)l
P̃ m

l (sin θ)
[
Cm

l cos (mφ) + S m
l sin (mφ)

]
−

1
2
ω2r2cos2θ

(14.21)

There is an excellent web service (http://icgem.gfz-potsdam.de) where one can
select their favorite gravity model as spherical harmonic coefficients and then com-
pute a wide variety of gravity products (e.g., geoid height, free-air anomaly, gravity
gradient,. . . ) on a grid defined by the user.

14.5 Exercises

Exercise 14.1. Show that equation 14.12 is a solution to the differential equation 14.11.

Exercise 14.2. Write a matlab program to generate Figure 14.2. Also plot the ratio of
the two upward continuation functions to degree 80.

http://icgem.gfz-potsdam.de


Chapter 15

Laplace’s Equation in
Cartesian Coordinates and
Satellite Altimetry

15.1 Solution to Laplace’s Equation

Variations in the gravitational potential and the gravitational force are caused by lo-
cal variations in the mass distribution in the Earth. As described in Chapter 12 we
decompose the gravity field of the Earth into three fields:

• the main field due to the total mass of the Earth;

• the second harmonic due to the flattening of the Earth by rotation; and

• anomalies which can be expanded in spherical harmonics or Fourier series.

Here we are interested in anomalies due to local structure. Consider a patch on the
Earth having a width and length less than about 1000 km, or 1/40 of the circumference
of the Earth. Within that patch, we are interested in features as small as perhaps 1 km
wavelength. Using a spherical harmonic representation would require 40,000 squared
coefficients! To avoid this enormous computation and still achieve accurate results, we
will treat the Earth as being locally flat. Here is a remove/restore approach that has
worked well in our analysis of gravity and topography:

1. Acquire a spherical harmonic model of the gravitational potential of the Earth
and generate models of the relevant quantities (e.g., geoid height, gravity anomaly,
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minimum distance should be about 1/4 of the shortest wavelength that one strives to
resolve. When the number of knot locations is less than the number of data constraints,
then the linear system is over-determined and the surface will not exactly match the
slope constraints. Since we only wish to match the slopes to within the expected uncer-
tainty of each data type, each equation equation (15.31) and (15.32) should be divided
by the slope and height uncertainty to provide the optimal solution using a singular
value decomposition algorithm. For recovery of the gravity field and its derivatives, we
are not usually interested in the absolute height of the surface but just the local slope
so our final result is the gradient of the surface. For the zero tension, biharmonic case,
the gradient is

∇φ (x) = x (2 ln |x| + 1) . (15.33)

If we are interested in mean sea surface height (∼geoid height) then equation (15.30)
should be used. While this interpolation theory is elegant and very flexible, it is difficult
to apply to the altimeter interpolation problem because today (2020) there are over 3
billion observations to grid. Consider gridding just 1000 slopes, the matrix of the linear
system could have 106 elements if all the knot points were retained. In practice, we
make the following compromises in order to grid this large and diverse set of data. 1)
The data are residuals with respect to a model (e.g., EGM2008) so we can assemble and
grid the data in overlapping small areas. 2) To avoid edge effects the sub areas have
100% overlap and only the inner interpolated cells are retained. 3) The along-track
slope data from each of the 10 possible slope directions (i.e. ascending and descending
profiles from 5 satellite inclinations ERS/Envisat/Altika, GEOSAT, TOPEX/Jason-1/2,
Cryosat-2, and Sentinel-3) and associated uncertainties are binned onto the regularly-
spaced, square grid cells (1 minute or smaller), and only the median slope of each
type is retained for fitting. The results of the computations are grids of residual east
and north vertical deflection that are converted to gravity anomalies and vertical gravity
gradient using equations (15.12) and (15.13), respectively. Note this gridding approach
is available in Generic Mapping Tools (GMT) as the function greenspline and also in
matlab as the function griddata.

15.5 Exercises

Exercise 15.1. Use Laplace’s equation and the various definitions to develop gravity
anomaly from vertical deflection (equation (15.13)) and vertical gravity gradient from
ocean surface curvature (equation (15.14)).

Exercise 15.2. Show that the equation (15.29) is the Green’s function for the bihar-
monic equation by showing the following equation is true ∇4|x|2 ln |x| = 8δ (x).



Chapter 16

Poisson’s Equation in
Cartesian Coordinates

16.1 Solution to Poisson’s Equation

As in Chapter 15 on Laplace’s equation, we are interested in anomalies due to local
structure and will use a flat-Earth approximation. However, unlike Chapter 15, the
emphasis is on generating models of the disturbing potential and its derivatives from a
3-D model of the variations in density and topography of the Earth. In Chapter 17, we’ll
combine this approach to calculating gravity models with the models for isostasy and
flexure, to develop a topography-to-gravity transfer function. Consider the disturbing
potential

U
total

potential

= Uo

reference
potential

+ Φ

disturbing
potential

(16.1)

where, in this case, the reference potential comprises the ellipsoidal reference Earth
model plus the reference spherical harmonic model. The disturbing potential satisfies
Laplace’s equation for an altitude z above the highest mountain in the area, while it
satisfies Poisson’s equation below this level, as shown in Figure 16.1.

First, consider a density model consisting of an infinitesimally thin sheet at a depth zo

having a surface-density of σ(x, y) (units of mass per unit area). Later, we’ll construct
a more complicated 3-D structure from a stack of many layers. Poisson’s equation is
an inhomogeneous second-order partial differential equation in three dimensions

∂2Φ

∂x2 +
∂2Φ

∂y2 +
∂2Φ

∂z2 = −4πGσ(x) δ(z − zo). (16.2)
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1. The free-air correction accounts for the decrease in gravity, because the observa-
tion point is farther from the center of the Earth.

2. The Bouguer correction uses the infinite-slab approximation to account for the
gravitational attraction of the rock between the measurement point and the geoid.
Note that unless the topography is very flat over a large area, this infinite-slab
approximation may not be very accurate, and a more accurate terrain correction
should be applied.

∆gB

Bouguer
gravity

= gt

measured
gravity

− 2πGρoh

slab
correction

(-0.1118 mGal/m)
(ρo = 2670kgm−3)

+
2GMe

R3
e

h

free-air
correction

(0.3086 mGal/m)

− γo(θ)

International
Gravity Formula

(16.24)

16.6 Gravity Anomaly from Topography:
Parker’s Exact Formula

In the previous development (Section 16.2), we collapsed the topography t(x) into a thin
sheet with varying surface density. The approximation is accurate when the amplitude
of the topography is less than the upward continuation distance. For example, in the
ocean where the mean seafloor depth is 4 km, the approximation works quite well
for topography that extends 2 km above that depth. However, when the topography
is rugged and approaches the observation plane (e.g., sea surface), a more accurate
treatment is needed. Parker (1973) derived a more accurate formula that results in a
Taylor series expansion in powers of topography.

Consider the exact formula for the disturbing potential Φ (xo, zo) due to a uniform den-
sity slab having a flat bottom and upper surface topography t (x) (see Figure 16.5).

x

y

z

0

zo

t(x)

(x , z )Φ

ρ

oo

Figure 16.5
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This is given by the following 3-D convolution integral

Φ (xo, zo) = ρG

∞∫
−∞

∞∫
−∞

t(x)∫
0

[
(x − xo)2 + (y − yo)2 + (z − zo)2

]−1/2
dz d2x. (16.25)

Take the 2-D Fourier transform of the disturbing potential on the observation plane

= [Φ] = Φ (k, zo) =

ρG

∞∫
−∞

∞∫
−∞

t(x)∫
0

∞∫
−∞

∞∫
−∞

[
(x − xo)2 + (y − yo)2 + (z − zo)2

]−1/2
e−i2π(k·xo)d2xo dz d2x. (16.26)

In Section 16.3, we showed that the 2-D Fourier transform of convolution the inverse
distance Green’s function is given by equation (16.17):

=

[(
x2 + y2 + z2

)−1/2
]

=
e−2π|k|z

|k|
. (16.27)

Also, recall the shift property of the Fourier transform equation (2.23):

=
[
f (x−xo)

]
= e−i2π(k·x)F (k) . (16.28)

Using these tools, we can write the Fourier transform of the disturbing potential as

Φ (k, zo) = ρG

∞∫
−∞

∞∫
−∞

t(x)∫
0

e−2π|k|(zo−z)

|k|
e−i2π(k·x) dz d2x. (16.29)

The integral over z can be performed analytically

e−2π|k|zo

t(x)∫
0

e2π|k|zdz =
e−2π|k|zo

2π |k|
[
e2π|k|t(x)

− 1
]
. (16.30)

We can expand the term in brackets in a Taylor series about |k| = 0[
1 + 2π |k| t (x) +

|2πk|2

2!
t2 (x) + · · · − 1

]
. (16.31)

Now we can rewrite the Fourier transform of the disturbing potential on the plane as

Φ (k, zo) = 2πρGe−2π|k|zo

∞∑
n=1

|2πk|n−2

n!
=

[
tn (x)

]
. (16.32)
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Finally, note that the gravity anomaly is the negative vertical derivative of the potential
∆g = − ∂Φ

∂z , so the result is

∆g (k, zo) = 2πρGe−2π|k|zo

∞∑
n=1

|2πk|n−1

n!
=

[
tn (x)

]
. (16.33)

This exact formula for computing gravity anomaly from topography involves an infinite
series of Fourier transforms of the topography raised to the power n. In the derivation
of the approximate formula for gravity due to seafloor topography (Section 16.2), we
compressed the topography, times the density contract across the seafloor, into surface
density at an average seafloor depth. We see now that this is equivalent to keeping just
the n = 1 term in equation (16.33) to arrive at

∆g (k, zo) = 2πρGe−2π|k|zo T (k) . (16.34)

Parker (1973) proves that this series converges as long as the highest peak in the to-
pography does not extend above the observation plane. Moreover, the convergence of
the series is optimal when the z = 0 level is selected such that it is half way between
the maximum and minimum topography.

One can use this more exact formula for calculating gravity due to flexurally-compensated
topography, as discussed in the next chapter.

16.7 Exercises

Exercise 16.1. Abyssal hills on the seafloor have a characteristic wavelength of 10 km
and a peak-to-trough amplitude of 500 m.

(a) What is the amplitude of the gravity anomaly on the seafloor assuming the to-
pography (density 2800 kg m−3) can be compressed into a thin sheet?

(b) What is the amplitude of the gravity anomaly at the sea surface where the mean
ocean depth is 3 km?

(c) Over a time period of 50 Ma, the abyssal hills will be carried by plate tectonics
into the deep ocean where the depth is 5 km. What is the new amplitude of the
gravity anomaly?

(d) In addition to a deeper ocean, the topography of the abyssal hills will be covered
with sediment so the seafloor is now flat. What is the new value of the amplitude
of the gravity? (Use a sediment density of 2300 kg m−3.)
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Exercise 16.2. Derive the Bouguer formula (equation 16.23) for the gravity due to
a slab of uniform thickness H and uniform density ρo from the Parker expansion for
gravity due to topography of uniform density (equation (16.33)). Replace t(x) by H
and continue the calculation.



Chapter 17

Gravity/Topography
Transfer Function and
Isostatic Geoid Anomalies

17.1 Introduction

This chapter combines thin-elastic plate flexure theory with the solution to Poisson’s
equation, to develop a linear relationship between gravity and topography. This rela-
tionship can be used in a variety of ways:

1. If both the topography and gravity are measured over an area that is several times
greater than the flexural wavelength, then the gravity/topography relationship (in
the wavenumber domain) can be used to estimate the elastic thickness of the
lithosphere and/or the crustal thickness. There are many good references on this
topic, including: Dorman and Lewis (1972); McKenzie and Bowin (1976); Banks
et al. (1977); Watts (1978); McNutt (1979).

2. At wavelengths greater than the flexural wavelength, where features are isostati-
cally compensated, the geoid/topography ratio can be used to estimate the depth
of compensation of crustal plateaus and the depth of compensation of hot-spot
swells (Haxby and Turcotte, 1978).

3. If the gravity field is known over a large area, but there is rather sparse ship-track
coverage, the topography/gravity transfer function can be used to interpolate the
seafloor depth among the sparse ship soundings (Smith and Sandwell, 1994).
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17.8 Exercises

Exercise 17.1. As discussed in Chapter 2, the Fourier transform of the derivative
of a function is equal to i2πk times the Fourier transform of the original function
where k is the wavenumber (1/wavelength), and i is the square root of −1. Show
that this relationship also holds for a discrete time series by carrying out the op-
erations on the computer. Use the first difference formula to compute the deriva-
tive of the geoid height profile. Also compute the derivative by multiplication in
the Fourier domain. Apply a phase shift to the FFT derivative so it will be aligned
with the first difference derivative. Compare results. Obtain the data at: https:
//topex.ucsd.edu/pub/class/geodynamics/hw1.

Exercise 17.2. Given the relationship between gravity anomaly and topography in the
Fourier transform domain provided in equation (17.9):

(a) Plot this transfer function (i.e., Q(|k|) = ∆g/T ) for wave numbers |k| ranging
from 0 to 10−3 m−1. Use elastic thicknesses of 0 m and 30000 m. Why does the
transfer function approach zero at high wave numbers? Why does it approach
zero at low wave numbers?

(b) Explain what happens when the elastic thickness is zero and derive the relation-
ship between topography (above the base level) and the total crustal thickness?

(c) Using this transfer function Q(|k|) and the topography given in the computer
file https://topex.ucsd.edu/pub/class/geodynamics/hw6, calculate a
model gravity anomaly profile for h = 0. The basic procedure is to take the
Fourier transform of the topography, multiply by the transfer function and in-
verse Fourier transform the result.

(d) Compare this model gravity profile with the observed gravity profile. Increase
the elastic thickness until the model gravity profile matches the observed gravity
profile. How does this value of elastic thickness compare with the value found
by Watts (1978)? How old was the lithosphere when this seamount formed?

Exercise 17.3.
(a) Use the formula for the geoid height due to long wavelength isostatically com-

pensated topography (equation 17.15) to calculate the geoid height due to the
following density model:

∆ρ = σ [δ (z) − δ (z + a)]

(b) What is the change in geoid height for a topography step of 4 km, a density of
2800 kg m−3, and a compensation depth a of 40 km?

(c) What is the magnitude of the outward swell push force? What is the depth-
averaged stress needed to maintain this topography?

https://topex.ucsd.edu/pub/class/geodynamics/hw1
https://topex.ucsd.edu/pub/class/geodynamics/hw1
https://topex.ucsd.edu/pub/class/geodynamics/hw6


Chapter 18

Postglacial Rebound

18.1 Introduction and Dimensional Analysis

This chapter considers the classic problem of the viscous response of the mantle to
rapid melting of the ice sheets following the last glacial maximum. The approach is
similar to that in Geodynamics (Turcotte and Schubert, 2014, Section 6-10), but is for
an arbitrary-shaped initial topography rather than a single wavelength cosine function.
The initial condition is shown in Figure 18.1.

T(x)
x

z

g
ρ η

Figure 18.1: Viscous half space with an initial surface topography that decays expo-
nentially with time under the restoring force of gravity.
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18.4 Exercises

Exercise 18.1. Given the parameters in Table 18.1, develop (guess) characteristic times
for the following processes:

(a) Heat diffusion: Describe this timescale in terms of an experiment or process.

(b) Maxwell viscoelastic relaxation: Describe this timescale in terms of an experi-
ment or process.

(c) Glacial rebound, viscosity: Describe this timescale in terms of an experiment or
process.

Parameter Definition Value/Unit

κ Thermal diffusivity 8 × 10−7m2s−1

h Wine cellar depth 3 m

E Young’s modulus 6.5 × 1010 Pa

η Dynamic viscosity 1020 Pa s

ρ Mantle density 3300 kg m−3

g Acceleration of gravity 9.82 m s−2

λ Wavelength of surface
deformation

3000 km

Table 18.1: Parameters needed for Exercise 18.1.



Chapter 19

Driving Forces of Plate
Tectonics

19.1 Introduction

The major forces acting to drive the tectonic plates are nicely presented in the classic
paper by Forsyth and Uyeda (1975). They are: (1) the gravitational sliding force of
the cooling oceanic lithosphere also called the ridge-push force Fr; (2) the slab pull
force Fs that is caused by the negative buoyancy of the cold subducted lithosphere;
and (3) the viscous shear coupling τ (usually drag) on the base of the plate and both
surfaces of the subducted plate (Figure 19.1). The ridge push and slab pull are body
forces having units of force per length along the strike of the trench. The viscous drag
is a stress having a force per area. The magnitude of the drag force depends on the
ridge-to-trench plate length, the plate speed, and the viscosity. In this simple model we
have an asthenosphere with a relatively low viscosity above the mesosphere having a
30-300 times higher viscosity (Hager, 1984). In addition to these main forces, there is a
resistive force at the interface between the subducting oceanic plate and the overriding
continental plate between the surface and depth of ∼40 km. This is a stick-slip zone
where megathrust earthquakes are generated.

There are additional body forces (Figure 19.2) associated with phase changes within
the subducting lithosphere (e.g., Arredondo and Billen (2017)). There are three major
phase transitions: (1) at a depth of about 125 km, the basalt in the crust undergoes
a phase change to denser eclogite; (2) at a depth of about 410 km, the primarily en-
dothermic phase change of olivine to spinel increases the density of the cold interior of
the lithosphere which adds a significant downward body force; (3) at a depth of about
660 km, the exothermic phase changes decrease the density of the cold interior of the
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These models also predict that the negative buoyancy of the slabs in the lower mantle
drives deep mantle flow but at a much slower rate due to the higher viscosity (Kohlstedt
et al., 1995). An example of a numerical simulation of a subducting plate is shown in
Figure 19.6. This 80-Ma lithosphere has subducted for 40 Ma so a large part of the slab
extends into the much higher viscosity lower mantle where if folds due to the resistive
viscous drag.

10

Figure 19.6: Numerical model of lithospheric subduction (Arredondo and Billen,
2017). Buoyancy due to phase changes (Figure 19.3) are combined with the thermal
buoyancy to drive subduction. The 80-Ma lithosphere has a very high yield strength of
1000 MPa that enables the plate to remain intact. The upper mantle viscosity is 1019

Pa s while the lower mantle has a much higher viscosity of 1022 Pa s.

19.7 Exercises

Exercise 19.1. Write a program to calculate the ridge-push force versus cooling time
on Venus for asympototic plate thicknesses of 125 and 500 km. Use a surface tempera-
ture of 455C and a deep mantle temperature somewhat higher than the Earth at 1400C.
How does this compare with Earth?
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Exercise 19.2. Write a short essay on the arguments for and against lithospheric sub-
duction on Venus. Begin with a brief summary of the main observations that were
used to confirm lithospheric subduction on the Earth. Then discuss some of the pub-
lished arguments for and against subduction on Venus. End with a discussion of how
to prove or disprove the subduction theory with another mission to Venus? There is an
extensive reference list at the following web site https://topex.ucsd.edu/venus/
index.html.

Exercise 19.3. Describe the three major phase changes that occur within subducting
lithosphere. Explain how they affect lithospheric buoyancy. What is the Clapeyron
slope?

https://topex.ucsd.edu/venus/index.html
https://topex.ucsd.edu/venus/index.html
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